



José A F Machado
J M C Santos Silva
THE INSTITUTE FOR FISCAL STUDIES
DEPARTMENT OF ECONOMICS, UCL
cemmap working paper CWP22/02Txdqwlohv iru Frxqwv￿
Mrv￿ D1 I1 Pdfkdgr
Idfxogdgh gh Hfrqrpld/ Xqlyhuvlgdgh Qryd gh Olverd
M1 P1 F1 Vdqwrv Vloyd
LVHJ/ Xqlyhuvlgdgh W￿fqlfd gh Olverd
R f w r e h u6 /5 3 3 5
Devwudfw
Wklv sdshu vwxglhv wkh hvwlpdwlrq ri frqglwlrqdo txdqwlohv ri frxqwv1 Jlyhq wkh
glvfuhwhqhvv ri wkh gdwd/ vrph vprrwkqhvv kdv wr eh duwl￿fldoo| lpsrvhg rq wkh
sureohp1 Wkh phwkrgv fxuuhqwo| dydlodeoh wr hvwlpdwh txdqwlohv ri frxqw gdwd hlwkhu
dvvxph wkdw wkh frxqwv uhvxow iurp wkh glvfuhwl}dwlrq ri d frqwlqxrxv surfhvv/ ru
duh edvhg rq d vprrwkhg remhfwlyh ixqfwlrq1 Krzhyhu/ wkhvh phwkrgv kdyh vhyhudo
gudzedfnv1 Zh vkrz wkdw lw lv srvvleoh wr vprrwk wkh gdwd lq d zd| wkdw doorzv
lqihuhqfh wr eh shuiruphg xvlqj vwdqgdug txdqwloh uhjuhvvlrq whfkqltxhv1 Wkh shu0
irupdqfh dqg lpsohphqwdwlrq ri wkh hvwlpdwru duh looxvwudwhg e| vlpxodwlrqv dqg dq
dssolfdwlrq1
MHO fodvvl￿fdwlrq frgh= F46/ F581
Nh| zrugv= Dv|pphwulf pd{lpxp olnholkrrg/ Mlwwhulqj/ Pd{lpxp vfruh hvwlpdwru/
Txdqwloh uhjuhvvlrq/ Vprrwklqj1
￿Zh duh lqghewhg wr M1I= Fruuhld Jxhghv/ Sdxor Sduhqwh dqg sduwlflsdqwv lq vhplqduv dw LVHJ dqg
Xqlyhuvlgdgh Fdw￿olfd iru pdq| khosixo frpphqwv1 Wkh xvxdo glvfodlphu dssolhv1 Wkh gdwd xvhg lq vhfwlrq
8 zdv nlqgo| pdgh dydlodeoh e| Zlqiulhg Srkophlhu dqg duh iurp wkh sxeolf xvh yhuvlrq ri wkh Jhupdq
Vrflr0Hfrqrplf Sdqho Vwxg|1 Zh wkdqn wkh Ghxwvfkhv Lqvwlwxw i￿u Zluwvfkdiwviruvfkxqj iru dxwkrul}lqj
lwv xvh1 Wkh dxwkruv judwhixoo| dfnqrzohgjh wkh sduwldo ￿qdqfldo vxssruw iurp IxqgdŒ￿r sdud d Fl￿qfld h
d Whfqrorjld/ surjudp SRFWL/ sduwldoo| ixqghg e| IHGHU
Dgguhvv iru fruuhvsrqghqfh= Mr￿r Vdqwrv Vloyd/ LVHJ/ U1 gr Txhokdv 9/ 4533 Olverd/ Sruwxjdo1 Id{=
684 546<55:;41 H0pdlo= mpfvvClvhj1xwo1sw1
441 LQWURGXFWLRQ
Vlqfh wkh sxeolfdwlrq ri wkh wzr vhplqdo sdshuv rq wkh hfrqrphwulfv ri frxqw gdwd +Kdxv0
pdq/ Kdoo dqg Julolfkhv/ 4<;7/ dqg Jrxulhurx{/ Prqiruw dqg Wurjqrq/ 4<;7,/ wklv uhvhdufk
duhd kdv jdlqhg juhdw srsxodulw|/ ehlqj qrz wkh vxemhfw ri wzr prqrjudskv +Fdphurq dqg
Wulyhgl/ 4<<;/ dqg Zlqnhopdqq/ 5333, dqg ri frxqwohvv wkhruhwlfdo dqg dssolhg mrxuqdo
duwlfohv1 Wklv ydvw olwhudwxuh lv urxjko| glylghg lqwr wzr pdlq vwudqgv1
Sduw ri wkh olwhudwxuh iroorzv wkh ohdg ri Jrxulhurx{/ Prqiruw dqg Wurjqrq +4<;7, dqg
frqfhqwudwhv rq wkh vhplsdudphwulf hvwlpdwlrq ri wkh frqglwlrqdo phdq ri wkh frxqw yduldwh
edvhg rq wkh svhxgr0olnholkrrg iudphzrun1 Ghvslwh lwv hohjdqfh dqg dwwudfwlyhqhvv/ wklv
dssurdfk lv olplwhg e| lwv rzq qdwxuh ehfdxvh lw grhv qrw surylgh lqirupdwlrq rq pdq|
dvshfwv ri wkh glvwulexwlrq ri wkh frxqwv zklfk duh riwhq ri lqwhuhvw lq dssolhg uhvhdufk1
Lq idfw/ wkh svhxgr0olnholkrrg dssurdfk rqo| shuplwv wkh hvwlpdwlrq ri wkh frqglwlrqdo
h{shfwdwlrq ri wkh yduldwh ri lqwhuhvw/ zklfk jlyhv yhu| olwwoh lqirupdwlrq derxw d frqgl0
wlrqdo glvwulexwlrq lq zklfk ihdwxuhv rwkhu wkdq orfdwlrq fdq ghshqg rq wkh uhjuhvvruv lq
d frpsoh{ zd|1 Jlyhq wkh olplwdwlrqv ri wklv dssurdfk/ lw lv qrw vxusulvlqj wr ￿qg wkdw/
iroorzlqj wkh hduo| zrun ri Pxoodk| +4<;9,/ vhyhudo ixoo| sdudphwulf suredelolvwlf prghov
kdyh ehhq ghyhorshg wr ghvfuleh sduwlfxodu ihdwxuhv ri frxqw gdwd vhwv riwhq irxqg lq ds0
solfdwlrqv1 Wkhvh prghov frpsohwho| ghvfuleh wkh frqglwlrqdo glvwulexwlrq ri lqwhuhvw dqg
wkhuhiruh doorz wkh uhvhdufkhu wr vwxg| wkh lpsdfw ri wkh fryduldwhv rq hyhu| dvshfw ri wkh
frqglwlrqdo glvwulexwlrq/ dw wkh frvw ri vwurqj sdudphwulf dvvxpswlrqv dqg frqvhtxhqw odfn
ri urexvwqhvv1
Dq dowhuqdwlyh dssurdfk wr prghoolqj frxqw gdwd zdv slrqhhuhg e| Hiurq +4<<5, zkr sur0
srvhg wkh dv|pphwulf pd{lpxp olnholkrrg hvwlpdwru1 Wklv dssurdfk uhtxluhv k|srwkhvhv
wkdw duh frpsdudeoh wr wkrvh xqghuod|lqj wkh svhxgr0olnholkrrg dssurdfk/ zkloh doorzlqj
wkh uhvhdufkhu wr vwxg| wkh lpsdfw ri wkh uhjuhvvruv rq gl￿huhqw uhjlrqv ri frqglwlrqdo glv0
wulexwlrq ri lqwhuhvw1 Krzhyhu/ wkh hvwlpdwhg orfdwlrq phdvxuhv duh gl!fxow wr lqwhusuhw1
Wkh hvwlpdwlrq ri frqglwlrqdo txdqwloh ixqfwlrqv ru txdqwloh uhjuhvvlrqv +TU, zdv ruljl0
qdoo| dgyrfdwhg dqg vwxglhg e| Nrhqnhu dqg Edvvhww +4<:;, dqg lv ehfrplqj lqfuhdvlqjo|
5srsxodu +vhh/ iru lqvwdqfh/ wkh vshfldo lvvxh ri Hpslulfdo Hfrqrplfv rq wklv vxemhfw hglwhg
e| Ilw}hqehujhu/ Nrhqnhu dqg Pdfkdgr/ 5334,1 Dowkrxjk w|slfdo dssolfdwlrqv ri TU
dvvxph udqgrp vdpsolqj iurp devroxwho| frqwlqxrxv srsxodwlrqv/ wkhuh h{lvw d udslgo|
h{sdqglqj vhw ri uhvxowv iru rwkhu vhw0xsv1 Wkh vhplqdo ghsduwxuh zdv/ ri frxuvh/ wkh zrun
ri Pdqvnl +4<:8 dqg 4<;8, rq phgldq uhjuhvvlrq iru elqdu| dqg pxowlqrpldo prghov/ odwhu
h{whqghg e| Krurzlw} +4<<5,1 Srzhoo +4<;7 dqg 4<;9, vwxglhg TU iru fhqvruhg gdwd dqg
Ohh +4<<5, dqdo|vhg phgldq hvwlpdwlrq ri rughuhg glvfuhwh uhvsrqvhv1 Pruh uhfhqwo|/ TU
whfkqltxhv zhuh dssolhg wr wkh vwxg| ri gxudwlrq ru wudqvlwlrq gdwd e| Nrhqnhu dqg Jholqj
+4<<<,/ Nrhqnhu dqg Eloldv +5334, dqg Pdfkdgr dqg Sruwxjdo +5335,1
Wklv sdshu vwxglhv wkh srvvlelolw| ri hvwlpdwlqj frqglwlrqdo txdqwlohv ri frxqw gdwd1
Olnh wkh dv|pphwulf pd{lpxp olnholkrrg hvwlpdwru/ wkh hvwlpdwlrq ri frqglwlrqdo txdq0
wlohv uhtxluhv k|srwkhvhv wkdw duh frpsdudeoh wr wkrvh xqghuod|lqj wkh svhxgr0olnholkrrg
dssurdfk/ zkloh doorzlqj wkh uhvhdufkhu wr rewdlq prvw ri wkh uhvxowv wkdw vr idu zhuh rqo|
srvvleoh wr rewdlq xvlqj pruh vwuxfwxuhg prghov1 Lq sduwlfxodu/ xvlqj txdqwloh uhjuhvvlrq
lw lv srvvleoh wr vwxg| wkh lpsdfw ri wkh uhjuhvvruv rq hdfk txdqwloh ri wkh glvwulexwlrq
dqg lw lv dovr srvvleoh wr surgxfh vrph suredelolvwlf vwdwhphqwv derxw wkh frxqwv1 Wkh
pdlq sureohp zlwk wkh hvwlpdwlrq ri frqglwlrqdo txdqwlohv zlwk frxqw gdwd vwhpv iurp wkh
frqmxqfwlrq ri d qrq0gl￿huhqwldeoh vdpsoh remhfwlyh ixqfwlrq zlwk d glvfuhwh ghshqghqw
yduldeoh1 Vlqfh wkhuh duh srlqwv ri srvlwlyh pdvv/ wkh qrq0vprrwkqhvv ri wkh remhfwlyh
ixqfwlrq lv qrw qhfhvvdulo| dyhudjhg dzd| dqg/ frqvhtxhqwo|/ wkh xvxdo vwudwhjlhv edvhg
rq Wd|oru h{sdqvlrqv fdqqrw eh xvhg wr rewdlq wkh dv|pswrwlf glvwulexwlrq ri wkh frqgl0
wlrqdo txdqwlohv +vhh/ Kxehu/ 4<;4/ ss￿ 83084 iru d glvfxvvlrq derxw wkh lqwhusod| ehwzhhq
vprrwkqhvv ri wkh remhfwlyh ixqfwlrq dqg ri wkh ghqvlw| ri wkh gdwd,1 Wkh sureohp lv dqdo0
rjrxv wr wkdw idfhg lq wkh hvwlpdwlrq ri frqglwlrqdo txdqwlohv iru elqdu| gdwd xvlqj wkh
pd{lpxp vfruh hvwlpdwru/ zklfk xowlpdwho| |lhogv wkh qrq0vwdqgdug udwh ri frqyhujhqfh
ri wkh hvwlpdwru +vhh Pdqvnl/ 4<:8/ dqg 4<;8,1 Wkh remhfwlyh ixqfwlrq ri wkh pd{lpxp
vfruh hvwlpdwru lv qrq0gl￿huhqwldeoh erwk ehfdxvh lw ghshqgv rq wkh devroxwh ydoxh ri d
uhvlgxdo dqg ehfdxvh wkh frqglwlrqdo phgldq ri t jlyhq %/ 4i_Et m%￿/ lv dq lqglfdwru ixqf0
6wlrq1 Krzhyhu/ dv vkrzq e| Krurzlw} +4<<5,/ erwk vrxufhv ri qrq0gl￿huhqwldelolw| fdq eh
holplqdwhg e| vprrwklqj wkh lqglfwru ixqfwlrq/ ohdglqj wr dq hvwlpdwru zlwk d pxfk pruh
wudfwdeoh dv|pswrwlf glvwulexwlrq dqg wr frqyhujhqfh udwhv ri sudfwlfdo xwlolw|1
Lq rughu wr eh deoh wr dsso| txdqwloh uhjuhvvlrq wr frxqwv/ vrph ghjuhh ri vprrwkqhvv
kdv wr eh duwl￿fldoo| lpsrvhg rq wkh sureohp1 D srvvleoh dssurdfk lv wr ylhz wkh frxqw
gdwd dv wkh glvfuhwl}hg uhvxow ri d frqwlqxrxv xqghuo|lqj prgho1 Wkhq/ dv lq wkh elqdu|
fkrlfh fdvh/ wkh ixqfwlrqdo irup ri 4i_Et m%￿ uhvxowv iurp wkh vshfl￿fdwlrq ri d odwhqw
prgho dqg wkh uhvxowv ri Ohh +4<<5, rq phgldq uhjuhvvlrq iru ruglqdo gdwd fdq eh h{whqghg
wr hvwlpdwh wkh sdudphwhuv ri lqwhuhvw1 Wr dfklhyh udwhv ri frqyhujhqfh ri sudfwlfdo lqwhu0
hvw/ wkh remhfwlyh ixqfwlrq gh￿qlqj wkh txdqwlohv zloo kdyh wr eh vprrwkhg dv lq Krurzlw}
+4<<5, dqg Phohqehuj dqg ydq Vrhvw +4<<7 dqg 4<<9,1 Krzhyhu/ wklv dssurdfk kdv vhyhudo
gudzedfnv1 E| lwv rzq qdwxuh/ wklv dssurdfk odfnv dq lqwhusuhwdwlrq lq whupv ri dq xqghu0
o|lqj frxqw surfhvv dqg wklv pd| eh dq xqdsshdolqj ihdwxuh lq vrph vlwxdwlrqv1 Pruhryhu/
wklv dssurdfk uhtxluhv wkh lqwurgxfwlrq ri d qhz sdudphwhu iru hdfk frxqw dfwxdoo| re0
vhuyhg1 Rq wkh rwkhu kdqg/ wkh vprrwkhg yhuvlrq ri wklv hvwlpdwru sursrvhg e| Phohqehuj
dqg ydq Vrhvw +4<<7 dqg 4<<9, ghshqgv rq wkh vshfl￿fdwlrq ri vprrwklqj sdudphwhuv iru
zklfk/ dw suhvhqw/ wkhuh duh qr rswlpdo vhohfwlrq uxohv dqg/ iru w|slfdo nhuqhov/ grhv qrw
dfklhyh wkh xvxdo
s
? frqyhujhqfh udwh1 Ilqdoo|/ wkh lpsohphqwdwlrq ri wklv hvwlpdwru lv
vwloo frpsxwdwlrqdoo| yhu| h{shqvlyh/ zklfk pd| h{sodlq zk| lw lv vhogrp xvhg lq sudfwlfh1
Dq dowhuqdwlyh dssurdfk h{soruhg lq wklv sdshu lv edvhg rq wkh duwl￿fldo vprrwklqj ri wkh
gdwd xvlqj d vshfl￿f irup ri mlwwhulqj lqwurgxfhg e| Vwhyhqv +4<83, lq d gl￿huhqw frqwh{w1
Wkh lghd lv wr frqvwuxfw d frqwlqxrxv yduldeoh zkrvh frqglwlrqdo txdqwlohv kdyh d rqh0
wr0rqh uhodwlrqvkls zlwk wkh frqglwlrqdo txdqwlohv ri wkh frxqwv/ dqg xvh wklv duwl￿fldoo|
frqvwuxfwhg frqwlqxrxv yduldeoh dv d edvh iru lqihuhqfh1
Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ryhuylhzv wkh lvvxhv
lqyroyhg lq wkh hvwlpdwlrq ri txdqwlohv iru glvfuhwh gdwd dqg surylghv d  dyrxu ri wkh
dssurdfk edvhg rq wkh duwl￿fldo vprrwklqj ri wkh gdwd1 Vhfwlrq 6 suhvhqwv wkh sursrvhg
txdqwloh uhjuhvvlrq hvwlpdwru dv zhoo dv wzr dowhuqdwlyh dssurdfkhv fxuuhqwo| dydlodeoh1
7Vhfwlrqv 7 dqg 8 hydoxdwh wkh sursrvhg dssurdfk xvlqj vlpxodwlrq h{shulphqwv dqg d zhoo
nqrzq gdwd vhw1 Ilqdoo|/ vhfwlrq 9 suhvhqwv vrph frqfoxglqj uhpdunv1
51 D ELUG*V0H\H YLHZ RI WKH SUREOHP
Dowkrxjk wklv sdshu irfxvhv rq wkh hvwlpdwlrq ri txdqwloh uhjuhvvlrq iru frxqw gdwd/ lw lv
xvhixo wr lqwurgxfh wkh pdlq ihdwxuhv ri wklv sureohp/ dqg wkh vroxwlrq sursrvhg khuh/ lq d
pxfk vlpsohu frqwh{w1 Wr wklv hqg/ wklv vhfwlrq frqvlghuv wkh hvwlpdwlrq ri wkh txdqwlohv ri
d glvfuhwh udqgrp yduldeoh lq wkh vlpsohvw srvvleoh fdvh1 Ohw t ghqrwh d Ehuqrxool udqgrp
yduldeoh zlwk ￿hEt ’f ￿’^/d q gf ￿^￿￿1 Wkh k0txdqwloh ri t fdq eh zulwwhq dv4
’t Ek￿’￿E k:^ ￿/
zkhuh ￿E￿￿ lv wkh xvxdo lqglfdwru ixqfwlrq iru wkh hyhqw ￿1 Jlyhq d vdpsoh it￿j
?
￿’￿/w k h




￿’￿ t￿/ ohdglqj wr wkh iroorzlqj
hvwlpdwru iru ’t Ek￿
￿ ’t Ek￿’￿E k:￿ ^￿/
zklfk lv wkh vroxwlrq ri 4￿?#Mdfc￿o
S?
￿’￿4kEt￿ ￿#￿/ zlwk 4kE￿￿’￿Ek￿UE￿￿f￿￿ ehlqj wkh
xvxdo fkhfn ixqfwlrq1
Qrwlfh wkdw/ vlqfh ￿ ’t Ek￿ lv qrw d frqwlqxrxv ixqfwlrq ri ￿ ^ dw k ’￿ ^/ Voxwvn|*v wkhruhp
fdqqrw eh lqyrnhg wr fodlp frqvlvwhqf| iru ￿ ’t Ek￿1 Krzhyhu/ wkh dv|pswrwlf ehkdylrxu


















Wklv uhvxow kdv vhyhudo lqwhuhvwlqj lpsolfdwlrqv1

















’ ’t Ek￿1 Wkhuhiruh/ iru k 9’ ^/ wkh hvwlpdwru ￿ ’t Ek￿ lv frqvlvwhqw iru ’t Ek￿/d
uhvxow wkdw fdq dovr eh rewdlqhg xvlqj Voxwvn|*v wkhruhp1
4Uhfdoo wkdw wkh ￿0txdqwloh ri \ lv gh￿qhg e| T\ +￿, @ plqi￿mS+\ ￿ ￿, ￿ ￿j1




’￿￿ x E f ￿’f ￿D1 Frqvhtxhqwo|/ dv wkh vdpsoh vl}h
jrhv wr lq￿qlw|/ ￿ ’t Ek￿ frqyhujhv wr d Ehuqrxool glvwulexwlrq zlwk sdudphwhu f￿D/
dqg wkhuhiruh wkh hvwlpdwru lv qrw frqvlvwhqw1





’￿ hE k ￿ ￿ ^￿￿hEk:￿ ^￿c
zklfk/ lqyrnlqj djdlq Gh Prlyuh0Odsodfh*v wkhruhp/ iru k 9’ ^/ ydqlvkhv dv ? sdvvhv





dovr frqyhujhv wr }hur1 Xvlqj zhoo nqrzq uhvxowv rq wkh udwh ri
ghfd| ri wkh wdlov ri wkh qrupdo glvwulexwlrq +vhh/ h1j1/ Sroodug/ 4<;7/ dsshqgl{ E,/




frqyhujhv wr }hur olnh ?3￿*2 i TE￿?￿1
71 Ehfdxvh wkh hvwlpdwhg txdqwlohv duh udqgrp yduldeohv zlwk wkh vdph vxssruw dv t /
wkhlu dv|pswrwlf glvwulexwlrq fdqqrw eh qrupdo zkhq wkh gdwd lv glvfuhwh1
Wr vxp xs/ lq wklv yhu| vlpsoh fdvh qrqh ri wkh vwdqgdug uhvxowv rq wkh dv|pswrwlf
surshuwlhv ri wkh hvwlpdwruv krogv1
Frqvlghu qrz wkdw d qhz udqgrp yduldeoh ~ lv frqvwuxfwhg e| dgglqj wr t d udqgrp
yduldeoh L xqlirupo| glvwulexwhg lq wkh lqwhuydo dfc￿￿1W k d wl v /~ ’ t n L1 Reylrxvo|/ ~












Wkh lqwhuhvwlqj ihdwxuh ri wkh udqgrp yduldeoh ~ lv wkdw wkhuh lv d rqh0wr0rqh uhodwlrqvkls
ehwzhhq ’t Ek￿ dqg ’~ Ek￿1 Sursrvlwlrq 4 lq vhfwlrq 6 vkrzv wkdw ’t Ek￿’g’~ Ek￿ ￿ ￿h/
zkhuh g@h ghqrwhv wkh vr0fdoohg fhlolqj ixqfwlrq zklfk uhwxuqv wkh vpdoohvw lqwhjhu juhdwhu
wkdq/ ru htxdo wr/ @1
Wkhuhiruh/ lqirupdwlrq derxw wkh txdqwlohv ri t / wkh yduldwh ri lqwhuhvw/ fdq eh rewdlqhg







￿ ^ ￿ ^ ￿ k
￿n
k3￿ ^
E￿3￿ ^￿ ￿ ^￿k
/
zklfk/ olnh ￿ ’t Ek￿/ rqo| ghshqgv rq ￿ ^ dqg k1
Wkh ￿uvw wklqj wkdw fdq eh qrwlfhg lv wkdw ’~ Ek￿ lv d frqwlqxrxv ixqfwlrq ri ^ dqg
wkhuhiruh/ e| Voxwvn|*v wkhruhp/ ￿ ’~ Ek￿ lv frqvlvwhqw iru ’~ Ek￿1 Pruhryhu/ iru k 9’ ^/
￿ ’~ Ek￿ lv d frqwlqxrxv dqg gl￿huhqwldeoh ixqfwlrq ri ￿ ^ dqg lq wklv fdvh wkh ghowd phwkrg
fdq eh xvhg wr rewdlq wkh xvxdo qrupdo dssur{lpdwlrq wr wkh glvwulexwlrq ri ￿ ’~ Ek￿1
Krzhyhu/ iru k ’ ^/ wkh ghulydwlyh ri ’~ Ek￿ zlwk uhvshfw wr ^ rqo| h{lvwv zkhq k ’ ^ ’
f￿D1 Wklv phdqv wkdw/ h{fhsw lq wklv fdvh/ wkhuh zloo eh d ￿glvfrqwlqxlw| lq wkh yduldqfh￿
ri wkh dv|pswrwlf glvwulexwlrq ri ￿ ’~ Ek￿ +fi￿ Kxehu/ 4<;4/ ss￿ 83084 dqg dovr Vlpsvrq/
Fduuroo dqg Uxsshuw/ 4<;: dqg Nqljkw/ 4<<;,1 Wkhuhiruh/ wkh vwdqgdug uhvxowv zloo krog
iru wkh hvwlpdwlrq ri dq| txdqwloh zkhq ^ ’f ￿D1 Rwkhuzlvh/ wkh xvxdo dv|pswrwlf wkhru|
lv ydolg rqo| iru txdqwlohv zlwk k 9’ ^1
Dv qrwlfhg/ wkh uhdvrq iru wklv euhdngrzq ri wkh dv|pswrwlf wkhru| zkhq k ’ ^ dqg
^ 9’f ￿D lv wkdw lq wklv fdvh wkh ghulydwlyh ri ’~ Ek￿ zlwk uhvshfw wr ^ lv qrw frqwlqxrxv dw
k ’ ^1 Htxlydohqwo|/ wklv uhvxowv iurp wkh idfw wkdw wkh suredelolw| ghqvlw| ixqfwlrq ri ~
lv qrw frqwlqxrxv dw ’~ Ek￿ zkhq k ’ ^/ xqohvv ^ ’f ￿D1 Zkdw lv lqwhuhvwlqj wr qrwlfh lv
wkdw/ zkdwhyhu wkh ydoxhv ri ^ dqg k/ wklv glvfrqwlqxlw| rffxuv iru ’~ Ek￿’￿ 1 Xvlqj wkh













zkhuh T lv vwdqgdug qrupdo1 Zkhq ^ ’￿ *2 wkh olplwlqj glvwulexwlrq lv QEfc￿*e￿> rwk0
huzlvh lv d phpehu ri wkh wzr0slhfh qrupdo idplo| ri glvwulexwlrqv +Mrkq/ 4<;5,/ zlwk
sdudphwhuv EfcE￿ ￿ ^￿3￿c^ 3￿￿1
Frqvlghu qrz wkh uhjuhvvlrq sureohp lq zklfk ^ lv d frqwlqxrxv ixqfwlrq ri d vhw ri
uhjuhvvruv/ vd| %/ dqg wkh uhvhdufkhu lv lqwhuhvwhg lq wkh hvwlpdwlrq ri wkh frqglwlrqdo
txdqwlohv ri t / ghqrwhg ’t Ekm%￿1 Dv ehiruh/ ’t Ekm%￿ lv hlwkhu f ru ￿ dqg lwv hvwlpdwru lv
pduuhg e| sureohpv zklfk duh vlplodu wr wkrvh irxqg lq wkh vlpsohu fdvh glvfxvvhg deryh1
:Krzhyhu/ vprrwklqj t e| dgglqj wr lw wkh xqlirup udqgrp yduldeoh/ sduwldoo| vroyhv wkhvh
sureohpv1 Lq sduwlfxodu/ h{fhsw iru wkh vhw lq zklfk % lv vxfk wkdw ’~ Ekm%￿’￿ / vwdqgdug
lqihuhqfh krogv1 Krzhyhu/ dv lw zloo eh dujxhg ehorz/ wklv vhw zloo kdyh phdvxuh }hur
li rqh dvvxphv wkdw wkhuh h{lvwv dw ohdvw rq frqwlqxrxvo| glvwulexwhg fryduldwh dqg wkh
frqglwlrqdo txdqwlohv ri ~/ ’~ Ekm%￿ duh d frqwlqxrxv ixqfwlrq +phdvxudeoh zrxog vx!fh,
ri wkdw fryduldwh1 Wklv dssurdfk lv h{soruhg lq wkh iroorzlqj vhfwlrq1
61 VPRRWK TXDQWLOHV IRU FRXQWV
Vrph ri wkh sureohpv uhvxowlqj iurp wkh glvfuhwhqhvv ri wkh gdwd zhuh kljkoljkwhg lq
wkh suhylrxv vhfwlrq1 Lq wkh uhpdlqghu ri wklv vhfwlrq/ zh h{soruh gl￿huhqw zd|v durxqg
wklv sureohp1 Wzr ri wkh phwkrgv frqvlghuhg kdyh ehhq dydlodeoh iru wkh odvw 43 |hduv1
Krzhyhu/ wkhvh phwkrgv duh qrw sduwlfxoduo| dwwudfwlyh dqg/ wr rxu nqrzohgjh/ wkh| kdyh
qhyhu ehhq xvhg lq sudfwlfh wr prgho frxqw gdwd/ dqg duh qrw hyhu uhihuuhg wr lq wkh prqr0
judskv ri Fdphurq dqg Wulyhgl +4<<;, dqg Zlqnhopdqq +5333,1 Zh vwduw e| vxuyh|lqj wkh
h{lvwlqj dowhuqdwlyhv dqg wkhq zh zloo suhvhqw wkh qhz phwkrg zkrvh hvvhqfh zdv vnhwfkhg
lq wkh suhylrxv vhfwlrq1
614 Vprrwklqj wkh Surfhvv
Rqh srvvleoh dssurdfk frqvlvwv lq prghoolqj wkh glvfuhwh gdwd dv wkh uhvxow ri d frqwlqx0
rxv surfhvv furvvlqj vrph wkuhvkrogv1 Ghvslwh wkh douhdg| phqwlrqhg gudzedfnv ri wuhdwlqj
frxqw gdwd dv wkh uhvxow ri d frqwlqxrxv surfhvv/ iru frpsohwhqhvv/ zh qrz suhvhqw d vnhwfk
ri wklv dssurdfk1
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Ohh +4<<5, xvhv wklv uhvxow wr h{whqg Pdqvnl*v pd{lpxp vfruh hvwlpdwru wr rughuhg
glvfuhwh gdwd prghov wkdw lv/ lq rxu vhwwlqj/ wr wkh hvwlpdwlrq ri wkh frqglwlrqdo phgldq1














zkhuh/ dv ehiruh/ 4kE￿￿ lv wkh fkhfn ixqfwlrq +iru vlpsolflw| ri h{srvlwlrq zh duh frqglwlrq0
l q jr qw k h1￿*v,1
Dowkrxjk zh duh qrw dzduh ri vxfk d surri/ lw lv qdwxudo wr dqwlflsdwh wkdw wkh hvwlpdwru
zloo vkduh Pdqvnl*v pdmru gudzedfn/ wkh ?3￿*￿ udwh ri frqyhujhqfh1 Wklv uhpdun vxjjhvwv
d vprrwklqj dowhuqdwlyh vlplodu wr Krurzlw}*v +4<<5, dqg Phohqehuj dqg ydq Vrhvw +4<<7
dqg 4<<9, +vhh dovr Krurzlw}/ 4<<;,1 Wkdw zrxog hqwdlo uhsodflqj doo wkh lqglfdwru ixqfwlrqv
zlwk lqwhjudwhg nhuqhov1 Qrwlfh/ krzhyhu/ wkdw wkh ￿qdo vprrwk remhfwlyh ixqfwlrq zrxog
uhvxow txlwh phvv| ehfdxvh wklqjv gr qrw vlpsoli| dv qlfho| dv lq wkh elqdu| fdvh15
615 Vprrwklqj wkh remhfwlyh ixqfwlrq
Dv qrwhg lq wkh lqwurgxfwlrq/ wkh glvfuhwhqhvv ri wkh frxqw gdwd pdnhv wkh vdpsoh
remhfwlyh ixqfwlrq gh￿qlqj wkh txdqwloh uhjuhvvlrq hvwlpdwru qrq0gl￿huhqwldeoh/ ohdglqj wr
doo vruwv ri sureohpv lq rewdlqlqj dv|pswrwlfdoo| ydolg lqihuhqfh1 Hiurq*v +4<<5, dv|pphwulf
pd{lpxp olnholkrrg +DPO, hvwlpdwru fdq eh lqwhusuhwhg dv uhvxowlqj iurp vprrwklqj
wkh remhfwlyh ixqfwlrq gh￿qlqj wkh txdqwloh uhjuhvvlrq hvwlpdwru1 Wkh DPO hvwlpdwhv
frqglwlrqdo orfdwlrq ixqfwlrqv iru frxqw gdwd zklfk duh dnlq wr wkh frqglwlrqdo h{shfwlohv
sursrvhg e| Qhzh| dqg Srzhoo +4<;:, iru wkh olqhdu prgho1 Wkhuhiruh/ vwulfwo| vshdnlqj/
5D vlpsohu sdudphwulf dowhuqdwlyh zrxog eh wkh udqn uhjuhvvlrq dssurdfk ri Iruwlq dqg Ohplhx{ +5333,1
<wklv phwkrg grhv qrw shuplw wkh hvwlpdwlrq ri frqglwlrqdo txdqwlohv iru frxqwv/ exw lw doorzv
wkh hvwlpdwlrq ri gl￿huhqw orfdwlrq ixqfwlrqv iru zklfk dv|pswrwlfdoo| ydolg lqihuhqfh fdq
eh shuiruphg xvlqj vwdqgdug phwkrgv1
Wklv dssurdfk uhtxluhv k|srwkhvhv wkdw duh frpsdudeoh wr wkrvh xqghuod|lqj wkh svhxgr0
olnholkrrg dssurdfk/ zkloh doorzlqj wkh uhvhdufkhu wr vwxg| wkh lpsdfw ri wkh uhjuhvvruv
rq gl￿huhqw orfdwlrq ixqfwlrqv1 Pruhryhu/ wklv phwkrg lv  h{leoh hqrxjk wr dffrpprgdwh
wkh sureohpv ri xqghu ru ryhuglvshuvlrq wkdw vr riwhq d"lfw hpslulfdo prghov1
Wkh dv|pphwulf pd{lpxp olnholkrrg hvwlpdwru lv gh￿qhg e|
￿ q
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dqg uhgxfhv wr wkh xvxdo Srlvvrq svhxgr0olnholkrrg hvwlpdwru iru ￿ ’￿ 1














1 Wklv gh￿qlwlrq uhyhdov dq lpsruwdqw olplwdwlrq
ri wklv dssurdfk1 Vlqfh wkh lqglfdwru ixqfwlrq U
￿








wr rqh zkhq t￿ ’f / wkh DPO uhjuhvvlrq shufhqwlohv fdqqrw eh frpsxwhg iru ydoxhv ri
k vpdoohu wkdw wkh sursruwlrq ri }hurv lq wkh vdpsoh1 Ixuwkhupruh/ dv lq wkh fdvh ri wkh
olqhdu prgho +vhh Nrhqnhu 4<<5 dqg 4<<6,/ wkh hvwlpdwhg orfdwlrq phdvxuhv duh gl!fxow wr
lqwhusuhw dqg/ olnh wkh svhxgr0olnholkrrg dssurdfk/ wklv prghoolqj vwudwhj| grhv qrw doorz
wkh uhvhdufkhu wr pdnh suredelolw| vwdwhphqwv derxw wkh frxqwv1 Lq d frxqw gdwd frqwh{w/
wkh pdlq dgydqwdjh ri wkh h{shfwlohv lv wkdw wkh| duh jhqhudoo| hdvlhu wr hvwlpdwh ehfdxvh
duh qrw uhvwulfwhg wr eh lqwhjhuv1
616 Vprrwklqj wkh Gdwd
Frqvlghu wkh udqgrp yduldeohv t dqg f/ dqg ohw ’t Ekm%￿ ghqrwh wkh k0wk txdqwloh
ri wkh frqglwlrqdo glvwulexwlrq ri t jlyhq f ’ %1 Nrhqnhu dqg Edvvhww +4<:;, jlyh
vx!flhqw frqglwlrqv iru dv|pswrwlfdoo| ydolg lqihuhqfh rq wkh sdudphwhuv ri ’t Ekm%￿1
Dprqj wkhvh frqglwlrqv/ wkh frqglwlrqdo suredelolw| ghqvlw| ixqfwlrq s Et m%￿ lv uhtxluhg
43wr eh frqwlqxrxv dqg srvlwlyh dw ’t Ekm%￿1L it uhvxowv iurp d frxqw/ lwv vxssruw lv wkh
vhw ri wkh qrq0qhjdwlyh lqwhjhuv dqg wkrvh vx!flhqw frqglwlrqv duh qrw vdwlv￿hg1
61614 Mlwwhulqj
Wkh pdlq sureohp zlwk wkh hvwlpdwlrq ri TU zkhq t uhvxowv iurp frxqwv lv wkdw/ ehfdxvh
t kdv d glvfuhwh glvwulexwlrq/ ’t Ekm%￿ fdqqrw eh d frqwlqxrxv ixqfwlrq ri wkh sdudphwhuv
ri lqwhuhvw1 Wklv olplwdwlrq fdq eh ryhufrph e| frqvwuxfwlqj d frqwlqxrxv udqgrp yduldeoh
zkrvh txdqwlohv kdyh d rqh0wr0rqh uhodwlrq zlwk wkh txdqwlohv ri t 1 D yduldeoh vdwlvi|lqj
wklv uhtxluhphqw fdq eh frqvwuxfwhg e| dgglqj wr t / wkh frxqw yduldwh ri lqwhuhvw/ L/d
xqlirup udqgrp yduldeoh lq wkh lqwhuydo dfc￿￿/ ohdglqj wr ~ ’ t n L1 Wklv dssurdfk
xvhv d vshfl￿f irup ri mlwwhulqj sursrvhg e| Vwhyhqv +4<83, +vhh dovr Dqvfrpeh/ 4<7;/
dqg Shduvrq/ 4<83, wr lqwurgxfh vprrwkqhvv lqwr wkh sureohp/ ohdglqj wr d frqglwlrqdo
txdqwloh ixqfwlrq wkdw lv frqwlqxrxv lq k1 Frqwlqxlw| lv dfklhyhg e| lqwhusrodwlqj hdfk
mxps lq wkh frqglwlrqdo txdqwloh ixqfwlrq ri wkh frxqwv xvlqj dq lqwhjudwhg nhuqho/ pxfk
lq wkh vdph zd| Krurzlw} +4<<5, vprrwkv wkh frqglwlrqdo phgldq ri elqdu| gdwd1 Wkh
gl￿huhqfh lv wkdw khuh wkh xqlirup glvwulexwlrq lv xvhg/ qrw rqo| gxh wr wkh lpsruwdqw
klvwrulfdo suhfhghqw/ exw vshfldoo| ehfdxvh lq wkh fdvh ri frxqw gdwd wkh nhuqho kdv wr kdyh
erxqghg vxssruw1 Dovr/ lq wklv fdvh/ wkh xqlirup glvwulexwlrq doorzv lpsruwdqw dojheudlf
dqg frpsxwdwlrqdo vlpsol￿fdwlrqv1
Wkh qh{w sursrvlwlrq/ zkrvh surri lv jlyhq lq wkh dsshqgl{/ uhodwhv wkh txdqwlohv ri wkh
wzr udqgrp yduldeohv1
Sursrvlwlrq 4 ’t Ekm%￿’g’~ Ekm%￿ ￿ ￿h/ zkhuh g@h ghqrwhv wkh fhlolqj ixqfwlrq zklfk
uhwxuqv wkh vpdoohvw lqwhjhu juhdwhu wkdq/ ru htxdo wr/ @1
Dv zh vkrz ehorz/ lwv lv sdvvleoh wr shuirup lqihuhqfhv derxw wkh frqglwlrqdo txdq0
wloh ixqfwlrqv ’~ Ekm%￿ dqg/ lq sduwlfxodu/ derxw wkh ￿uhjuhvvlrq frh!flhqwv￿ ￿￿ Ek(%￿ ￿
Y’~ Ekm%￿*Y%￿1 Wkhvh txdqwlwlhv duh lv lqwhuhvwlqj lq wkhpvhoyhv dv wkh glvwulexwlrq ri ~ lv
forvho| uhodwhg wr wkh glvwulexwlrq ri lqwhuhvw1 Krzhyhu/ ￿ Ek(%￿ dovr surylghv lqirupdwlrq
derxw wkh zd| ’t Ekm%￿ ghshqgv rq wkh uhjuhvvruv1 Sursrvlwlrq 4 deryh pdnhv fohdu wkdw
44li d jlyhq ￿￿ Ek(%￿ lv }hur wkdw lpsolhv wkdw ’t Ekm%￿ grhv qrw ghshqg rq wkh fruuhvsrqglqj
fryduldwh1 Wkhuhiruh/ lw lv srvvleoh wr whvw wkh vljql￿fdqfh ri wkh uhjuhvvruv lq ’t Ekm%￿ e|
whvwlqj wkhlu vljql￿fdqfh lq ’~ Ekm%￿1
Exw lw lv srvvleoh wr vd| pruh derxw wkh lqwhusuhwdwlrq ri ￿￿ Ek(%￿1 Ri frxuvh/ lw grhv qrw
pdnh vhqvh wr wdon derxw ghulydwlyhv ri ’t Ekm%￿ zlwk uhvshfw wr d sduwlfxodu %￿1 Exw lwv
fhuwdlqo| srvvleoh wr gh￿qh ￿lqyhuvh vhqvlwlylwlhv￿ dv wkh plqlpxp yduldwlrq lq %￿ qhhghg
wr hqvxuh wkdw {’t Ek￿’’t Ekm%￿ n{ %￿￿ ￿ ’t Ekm%￿￿’￿ / wdnlqj doo rwkhu fryduldwhv
dv ￿{hg1 Iluvw qrwlfh wkdw li d jlyhq txdqwloh ri ~ ydu| e| dq lqwhjhu dprxqw vr grhv wkh
fruuhvsrqglqj txdqwloh ri t > lq v|perov/ {’~ Ek￿’￿ , {’t Ek￿’￿/ ￿ lqwhjhu1 Wkxv/
xqghu wkh vprrwkqhvv frqglwlrqv ri Wd|oru*v wkhruhp/ wkh yduldwlrq lq wkh ￿0wk uhjuhvvru
vx!flhqw wr hqvxuh wkdw wkh k0wk frqglwlrqdo txdqwloh +dw {, ri wkh frxqw surfhvv lqfuhdvhv
e| rqh xqlw fdq eh dssur{lpdwhg e| ￿*￿￿ Ek(%￿1 Wkhuhiruh/ wkh lqwhusuhwdwlrq ri ￿￿ Ek(%￿
lq whupv ri ’t Ekm%￿ lv qrw yhu| gl￿huhqw iurp wkh lqwhusuhwdwlrq ri wkh sdudphwhuv lq dq|
vwdqgdug qrq0olqhdu prgho1
61615 Dv|pswrwlfv
Dowkrxjk wkh glvwulexwlrq ixqfwlrq ri ~ lv frqwlqxrxv/ lw lv qrw vprrwk ryhu lwv hqwluh
vxssruw1 Lq idfw/ lw grhv qrw kdyh frqwlqxrxv ghulydwlyhv iru lqwhjhu ydoxhv ri ~1 Wkh sure0
ohpv iru wkh wkhru| ghyhorshg e| Nrhqnhu dqg Edvvhww +4<:;, zrxog rffxu iru lqihuhqfhv
derxw txdqwlohv wkdw wxuq rxw wr eh lqwhjhuv1 Krzhyhu/ xqghu plog dvvxpswlrqv/ ydolg
dv|pswrwlf lqihuhqfh lv vwloo srvvleoh/ dv zh qrz surfhhg wr vkrz1
Wkh dv|pswrwlf glvwulexwlrq ri wkh TU hvwlpdwru zloo eh ghulyhg xqghu wkh iroorzlqj
dvvxpswlrqv=
+D4, t lv d glvfuhwh udqgrp yduldeoh/ zlwk vxssruw lq Qf/ wkh vhw ri wkh qrq0qhjdwlyh
lqwhjhuv> lq lwv +plqlpxp, vxssruw wkh frqglwlrqdo suredelolw| ixqfwlrq ri t jlyhq
f lv xqlirupo| erxqghg dzd| iurp }hur iru doprvw hyhu| uhdol}dwlrq ri f>
+D5, f lv d udqgrp yhfwru lq U& +zlwk f￿ ’￿ , vdwlvi|lqj
+d, ￿Ef￿# ’f ￿’firu dq| # 5 U&/
+e, . Eff￿￿ lv ￿qlwh dqg qrq0vlqjxodu>
45+D6, Pdnh ~ ’ t n L/ zkhuh L lv d Xqlirup lq dfc￿￿ udqgrp yduldeoh/ lqghshqghqw ri
f dqg t 1 Iru vrph nqrzq prqrwrqh wudqvirupdwlrq AE￿(k￿/ srvvleo| ghshqglqj rq
k/ wkh iroorzlqj uhvwulfwlrq rq wkh txdqwloh surfhvv ri ~ jlyhq f krogv
’AE~(k￿Ekm%￿’%
￿￿ Ek￿c iru k 5 Efc￿￿1
dqg ￿Ek￿ 5 K/ d frpsdfw vxevhw ri U&1
Prvw ri wkhvh dvvxpswlrqv duh vwdqgdug lq wkh txdqwloh uhjuhvvlrq olwhudwxuh +vhh/ h1j1/
Sroodug/ 4<<4,1 Wkh rqo| ￿xvxdo￿ dvvxpswlrq wkdw lv plvvlqj lv wkh frqwlqxlw| ri wkh
frqglwlrqdo ghqvlw| ri wkh uhjuhvvdqg dw wkh txdqwloh ri lqwhuhvw1 E| frqvwuxfwlrq/ wkh vhw
ri glvfrqwlqxlw| srlqwv ri wkh ghqvlw| ri ~ jlyhq % lv Qf1 Dvvxpswlrq +D5d, hqvxuhv wkdw
￿Ef￿￿ Ek￿ 5 Qf￿’fdqg/ frqvhtxhqwo|/ iru doprvw hyhu| uhdol}dwlrq ri f wkh frqglwlrqdo
ghqvlw| ri wkh uhjuhvvdqg dw wkh txdqwloh ri lqwhuhvw zloo eh frqwlqxrxv1 Lw lv fohdu wkdw
wkh vdph uhvxow frxog eh rewdlqhg xqghu frqglwlrqv zhdnhu wkdq +D5d,1 Iru lqvwdqfh/
lw zrxog vx!fh wr vxssrvh wkdw wkh txdqwloh ehlqj hvwlpdwhg ghshqgv rq d frqwlqxrxvo|
glvwulexwhg fryduldwh1 Wkdw lv/ lw lv hqrxjk wr dvvxph wkdw lq +D6, wkh frpsrqhqw ri ￿ Ek￿
fruuhvsrqglqj wr wkh frqwlqxrxv fryduldwh lv qrw }hur iru wkh k ri lqwhuhvw1
Zh qrz suhvhqw wkh pdlq uhvxowv ri wkh sdshu/ zkrvh surriv fdq eh irxqg lq wkh dsshqgl{1
Sursrvlwlrq 5 Wkh gdwd iE+￿c% ￿c￿ ￿￿j?
￿’￿ lv d udqgrp vdpsoh ri EtcfcL￿/ vdwlvi|lqj +D4,/
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zlwk sA￿%E￿m￿￿ ghqrwlqj wkh frqglwlrqdo ghqvlw| ri AE~(k￿ jlyhq %1
46Iru wklv hvwlpdwru wr eh xvhixo lq sudfwlfh/ lw lv qhfhvvdu| wr rewdlq d frqvlvwhqw hvwlpdwru
iru wkh fryduldqfh pdwul{ ri
s






d frqvlvwhqw hvwlpdwru ri ￿/ wkh pdlq gl!fxow| lq frqvwuxfwlqj dq dv|pswrwlfdoo| ydolg
fryduldqfh pdwul{ lv wr ￿qg d frqvlvwhqw hvwlpdwru iru (1
Wkh dssurdfk iroorzhg khuh iru wkh hvwlpdwlrq ri ( lv dnlq wr wkh rqh sursrvhg e| Srzhoo
+4<;7,/ exw wdnhv dgydqwdjh ri vrph vshfl￿f fkdudfwhulvwlfv ri wklv sureohp1 Lq sduwlfxodu/
zh h{soruh wkh idfw wkdw/ jlyhq wkh zd| ~ lv frqvwuxfwhg/ lwv ghqvlw| dw ~ ’ 5 htxdov wkh
suredelolw| wkdw ~ lv juhdwhu ru htxdo wr e5f dqg vpdoohu wkdq e5 n￿ f/ zkhuh e@f ghqrwhv
wkh  rru ixqfwlrq zklfk uhwxuqv wkh odujhvw lqwhjhu vpdoohu wkdq/ ru htxdo wr/ @1 Wkhuhiruh/
wkh frqglwlrqdo h{shfwdwlrq ri
Uie’~￿Ekm%￿f￿~￿ ￿ e’~￿Ekm%￿n￿ fj +4,
htxdov wkh frqglwlrqdo ghqvlw| ri ~￿ dw ’~￿Ekm%￿1 Ri frxuvh/ zkdw lv qhhghg iru wkh fr0
yduldqfh hvwlpdwru lv qrw wklv/ exw dq hvwlpdwh ri wkh ghqvlw| ri AE~(k￿ dw %￿￿ Ek￿/ zklfk
fdq eh rewdlqhg iurp wkh ghqvlw| ri ~ dw ’~￿Ekm%￿ pxowlso|lqj lw e| wkh Mdfreldq ri wkh
wudqvirupdwlrq1 Wkh lpsohphqwdwlrq ri wklv dssurdfk lv frpsolfdwhg e| wkh idfw wkdw wkh
 rru ixqfwlrq lv glvfrqwlqxrxv1 Lq rughu wr eh deoh wr suryh wkh frqvlvwhqf| ri wkh sursrvhg
hvwlpdwru/ wklv ixqfwlrq lv uhsodfhg lq +4 , e| d frqwlqxrxv ixqfwlrq wkdw dssurdfkhv wkh
 rru ixqfwlrq dv wkh vdpsoh vl}h jurzv1 Wr frqvwuxfw d frqvlvwhqw hvwlpdwru iru (/ wkuhh
ixuwkhu dvvxpswlrqv duh qhhghg1
+D7, Wkh lqyhuvh ri wudqvirupdwlrq AE~(k￿/ A 3￿E￿￿/ lv wzlfh frqwlqxrxvo| gl￿huhqwldeoh/
zlwk ghulydwlyhv ghqrwhg e| AE￿￿ ￿ Y￿A3￿E￿(k￿*Y￿￿/ ￿ ’￿ c21













/i r u￿ ’￿ c2 dqg vrph B:f1
+D9, iS?j lv d vhtxhqfh ri uhdo qxpehuv lq Efc￿*2￿/v x f kw k d wS? ’ JE￿￿ dqg
t￿T￿$￿$? mA 3￿ E%￿
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￿
Wkhq/ xqghu +D4, wr +D9,
￿ (?
￿ $ (1
Dvvxpswlrq +D9, zduudqwv d ihz frpphqwv1 Dv lw lv vkrzq lq wkh surri ri Sursrvlwlrq
6/ t￿T￿$￿$?
￿
￿ ￿ ￿ ’~￿ Ekm%￿ ￿ ’~￿ Ekm%￿
￿
￿ ￿ ’ JRE￿￿ dqg/ wkxv/ +D9, uhvwulfwv S? wr frqyhujh wr f
qrw wrr idvw +vorzhu wkdq wkh qxphudwru,1 Wkh suhflvh qdwxuh ri wklv uhvwulfwlrq ghshqgv
rq wkh uhjuhvvruv dqg rq wkh wudqvirupdwlrq AE￿￿ gh￿qhg lq Sursrvlwlrq 51 Vxssrvh ￿uvw
wkdw wkh uhjuhvvruv duh wdnhq wr kdyh erxqghg vxssruw/ l1h1/ ￿ dn%￿n ￿g o’￿ / iru vrph
g1 Wklv lv wkh fdvh frqvlghuhg lq wkh vlpxodwlrq vwxg| suhvhqwhg lq wkh qh{w vhfwlrq1
Lq wklv frqwh{w Sursrvlwlrq 5 lpsolhv wkdw t￿T￿$￿$? m%￿
￿ E￿ ￿ Ek￿ ￿ ￿ Ek￿￿m ’ ￿R E
s
?￿>r qw k h
rwkhu kdqg/ wkh frqwlqxlw| ri A E￿￿E￿￿ lpsolhv wkdw/ lq d forvhg qhljkerxukrrg ri ￿ Ek￿/
AE￿￿ E%￿















dqg S? pxvw frqyhujh wr f vorzhu wkdq ￿*
s
? wkdw lv/ S?
s
? $4 1
Wkh frqglwlrq ri erxqghg vxssruw lv udwkhu h{wuhph1 Krzhyhu/ lw lv txlwh qdwxudo lq olq0
hdu txdqwloh uhjuhvvlrq prghov zlwk khwhurjhqhrxvo| glvwulexwhg ￿huuruv￿ vlqfh/ rwkhuzlvh/
48lw zrxog eh lpsrvvleoh iru wkh frqglwlrqdo txdqwlohv wr eh olqhdu iru doo ydoxhv ri % zlwkrxw




































Khuh/ S? pxvw eh vxfk wkdw S??￿*e *?E?￿ $4 ￿ Wkh Olsvfklw}0frqwlqxlw| dvvxpswlrq pd|
eh wrr vwulqjhqw1 Iru lqvwdqfh/ lw lv qrw phw zkhq A E￿￿E￿￿’i  T E ￿￿1 Vshfl￿f udwhv iru S?
pxvw eh ghulyhg rq d fdvh e| fdvh edvlv1 Iru lqyhuvh wudqvirupdwlrqv lq wkh srzhu idplo|/






























dqg/ frqvhtxhqwo|/ lq wklv fdvh S? zloo eh uhvwulfwhg wr jr wr f vorzhu wkdq ￿*?E23￿￿*e *?E?￿
￿1
61616 Lpsohphqwdwlrq lvvxhv
Lq rughu wr lpsohphqw wkh uhvxowv lq sursrvlwlrqv 5 dqg 6/ lw lv qhfhvvdu| wr vshfli|
wkh irup ri ’~ Ekm%￿ dqg wkh dvvrfldwhg wudqvirupdwlrq AE~(k￿1 D srvvleoh dssurdfk wr
wklv sureohp lv qrz ghvfulehg1 Qrwlqj wkdw ’~ Ekm%￿ lv erxqghg iurp ehorz e| k/ dqg
nhhslqj lq olqh zlwk zkdw lv wudglwlrqdoo| dvvxphg lq frxqw gdwd prghov +lqfoxglqj wkh zrun
ri Hiurq/ 4<<5/ rq frqglwlrqdo h{shfwlohv iru frxqw gdwd,/ d sdudphwulf uhsuhvhqwdwlrq ri
’~ Ekm%￿ f d qe hv s h f l ￿hg dv
’~ Ekm%￿’k ni  TE %
￿￿ Ek￿￿1 +5,
Qrwlfh wkdw wkh frxqw gdwd prghov frpprqo| xvhg lq sudfwlfh gr qrw ohdg wr frqglwlrqdo
txdqwlohv ri ~ ri wklv irup1 Krzhyhu/ wklv vshfl￿fdwlrq shuplwv juhdw frpsxwdwlrqdo vlp0
sol￿fdwlrqv dqg surylghv dq dssur{lpdwlrq wr wkh xqnqrzq frqglwlrqdo txdqwloh ixqfwlrqv/
pxfk lq wkh vdph zd| olqhdu uhjuhvvlrq lv xvhg wr dssur{lpdwh xqnqrzq phdq uhjuhvvlrq
49ixqfwlrqv +vhh Zklwh/ 4<;3,1 Ri frxuvh/ lq suhvhqfh ri plvvshfl￿fdwlrq ri wkh uhjuhvvlrq
txdqwlohv/ dssursuldwh hvwlpdwruv ri wkh fryduldqfh pdwul{ kdyh wr eh xvhg +vhh Fkdp0
ehuodlq/ 4<<7/ dqg Nlp dqg Zklwh/ 5335,1 Ixuwkhu ghwdlov rq wklv duh jlyhq lq vhfwlrq
71
Xvlqj +5,/ d vlpsoh dojrulwkp wr hvwlpdwh ￿ Ek￿ fdq eh ghvljqhg wdnlqj dgydqwdjh ri zhoo






*L} E~ ￿k￿ iru ~:k
*L} E￿￿ iru ~ ￿ k
+6,
rq %/z l w k￿ ehlqj d vxlwdeo| vpdoo srvlwlyh qxpehu1 Wklv lv vr ehfdxvh txdqwlohv duh lqydul0
dqw wr prqrwrqlf wudqvirupdwlrqv/ dqg ehfdxvh txdqwlohv duh dovr lqyduldqw wr fhqvrulqj
iurp ehorz xs wr wkh txdqwloh ri lqwhuhvw1
71 VLPXODWLRQ UHVXOWV
Wkh suhylrxv vhfwlrq vxjjhvwv d vlpsoh surfhgxuh wr hvwlpdwh frqglwlrqdo txdqwlohv ri
d frxqw yduldeoh t iurp wkh txdqwlohv ri dq duwl￿fldoo| frqvwuxfwhg dx{loldu| yduldeoh ~1
Pruhryhu/ lw zdv dujxhg wkdw lw lv srvvleoh wr frqvwuxfw dq dv|pswrwlfdoo| ydolg whvw iru
wkh k|srwkhvlv wkdw ’t Ekm%￿ grhv qrw ghshqg rq d jlyhq fryduldwh e| whvwlqj wkdw wkh
hohphqw ri ￿ Ek￿ fruuhvsrqglqj wr wkdw uhjuhvvru lv }hur1 Wklv vhfwlrq uhsruwv wkh uhvxowv
ri d slorw vlpxodwlrq vwxg| rq wkh ￿qlwh vdpsoh ehkdylrxu ri vxfk whvw1
Lq wkhvh h{shulphqwv/ wkh frxqwv t￿ct 2c￿￿￿ct ? zhuh jhqhudwhg dffruglqj wr irxu gl￿huhqw
prghov1 Lq wkh ￿uvw prgho/ wkh frxqwv duh Srlvvrq udqgrp yduldeohv zlwk frqglwlrqdo
phdq b￿ ’i  TE wf n w￿%￿￿ n w2%2￿￿/ zkhuh %￿￿ ’x 3￿ ￿
f￿fD n f￿b ￿3￿
?3￿
￿
dqg %2￿ lv d gxpp|
yduldeoh wkdw htxdov ￿ zkhq ￿ lv d pxowlsoh ri D/ ehlqj f rwkhuzlvh1 Lq wkh vhfrqg prgho wkh
frqglwlrqdo glvwulexwlrq ri wkh t *v lv qhjdwlyh elqrpldo zlwk phdq b￿ dv lq prgho 4/ dqg
ryhuglvshuvlrq sdudphwhu j ’f ￿D1 Wkh wklug dqg irxuwk prghov duh }hur lq dwhg yhuvlrqv
ri wkh ￿uvw wzr prghov/ zlwk d sursruwlrq ri }hur lq dwlrq ri f￿21
4:Doo h{shulphqwv zhuh shuiruphg zlwk wf ’ w￿ ’￿dqg w2 ’f 1W k x v /b￿ grhv qrw ghshqg
rq %2/ zklfk wkhuhiruh grhv qrw d￿hfw dq| dvshfw ri wkh glvwulexwlrqv ri wkh frxqwv1 Wklv
lpsolhv wkdw wkh h￿hfw ri %2 rq ’t Ekm%￿ lv }hur iru hyhu| k1 Xvlqj WVS 718 +Kdoo dqg
Fxpplqv/ 4<<<,/ Dfff vlpxodwlrqv iru hdfk prgho zhuh shuiruphg iru k 5i f￿2Dcf￿Dfcf￿.Dj
dqg ? 5i Dffc￿fffc2fffj1
Lq rughu wr hydoxdwh wkh sursrvhg whvw iru wkh k|srwkhvlv wkdw ’t Ekm%￿ grhv qrw ghshqg
rq %2/ wkh frxqwv zhuh mlwwhuhg dv ghvfulehg lq vhfwlrq 6 dqg wkh txdqwlohv ri wkh duwl￿fldo
gdwd zhuh hvwlpdwhg xvlqj wkh surfhgxuh ghvfulehg lq wkh suhylrxv vhfwlrq1 Vshfli|lqj
’~ Ekm%￿ dv lq +5,/ ~ zdv wkhq wudqviruphg wr rewdlq AE~(k￿ dffruglqj wr +6,/ zlwk
￿ ’￿ f 3D1
Iljxuhv 4 wr 7 judsk wkh ￿uvw wkhuh txduwlohv ri AE~(k￿ djdlqvw %￿ i r uh d f kr iw k h
prghov frqvlghuhg1 Wkhvh txdqwlohv duh fohduo| qrq0olqhdu/ hvshfldoo| iru wkh }hur lq dwhg
fdvhv1 Krzhyhu/ ryhudoo/ wkh dvvxpswlrq ri olqhdulw| vhhpv d uhdvrqdeoh dssur{lpdwlrq/
dw ohdvw ryhu wklv udqjh ri %￿1 Wkhuhiruh/ wkh sdudphwhuv ri lqwhuhvw zhuh hvwlpdwhg e|
uxqqlqj wkh xvxdo TU ri AE~(k￿ rq %￿/ %2 dqg d frqvwdqw/ dqg wkh vljql￿fdqfh ri wkh
sdudphwhu dvvrfldwhg zlwk %2 zdv whvwhg xvlqj d w0udwlr1 Jlyhq wkh plvvshfl￿fdwlrq ri wkh
ixqfwlrqdo irup ri wkh txdqwlohv ehlqj hvwlpdwhg/ wkh plvvshfl￿fdwlrq urexvw yhuvlrq ri wkh
fryduldqfh pdwul{ zdv xvhg lq wkh frqvwuxfwlrq ri wkh w0udwlr +vhh Fkdpehuodlq/ 4<<7 dqg
Nlp dqg Zklwh/ 5335,1 Vshfl￿fdoo|/ wkh hvwlpdwru xvhg lv edvhg rq wkh dv|pswrwlfdoo|
ydolg fryduldqfh pdwul{ suhvhqwhg lq vhfwlrq 6/ zklfk lq wklv sduwlfxodu h{dpsoh kdv wkh
irup
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￿￿ ￿ Ek￿￿U E8? Ek ni  TE %
￿
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Ilj1 4= Wkh ￿uvw wkuhh txduwlohv ri AE~(k￿ djdlqvw %￿ iru prgho 4











Ilj1 5= Wkh ￿uvw wkuhh txduwlohv ri AE~(k￿ djdlqvw %￿ iru prgho 5











Ilj1 6= Wkh ￿uvw wkuhh txduwlohv ri AE~(k￿ djdlqvw %￿ iru prgho 6




















zkhuh wkh ixqfwlrq 8? E￿￿ lv dv gh￿qhg lq Sursrvlwlrq 61
Vhyhudo suholplqdu| h{shulphqwv zhuh shuiruphg wr fkrrvh wkh ydoxh ri S? dqg wr hydoxdwh
wkh vhqvlwlylw| ri wkh uhvxowv wr wkh fkrlfh ri wklv vprrwklqj sdudphwhu1 Wkh uhvxowv ri wkhvh
h{shulphqwv lqglfdwh wkdw wkh shuirupdqfh ri wkh w whvw lv qrw yhu| vhqvlwlyh wr wkh fkrlfh ri
wklv sdudphwhu1 Wkh uhvxowv suhvhqwhg khuh zhuh rewdlqhg vhwwlqj S? ’f ￿D*?E* ?E?￿￿*
s
?1
Wdeoh 4 suhvhqwv wkh uhmhfwlrq iuhtxhqflhv ri wkh qxoo dw wkh ￿/ D dqg ￿f shufhqw qrplqdo
vl}hv iru doo wkh fdvhv frqvlghuhg1 Wr idflolwdwh wkhlu lqwhusuhwdwlrq/ hdfk ri wkh uhsruwhg
uhvxowv zdv whvwhg iru frpsdwlelolw| zlwk wkh qrplqdo vl}h xvlqj wkh xvxdo dv|pswrwlf whvw
iru sursruwlrqv1 Ryhudoo/ lw lv hqfrxudjlqj wr ￿qg wkdw wkh uhvxowv duh uhdvrqdeo| dffxudwh1
Lq idfw/ frqvlghulqj wkdw wkh ghqvlw| ri wkh gdwd lv glvfrqwlqxrxv/ wkdw wkh glvwulexwlrq
ri wkh huuruv lv idu iurp ehlqj lqghshqghqw ri wkh uhjuhvvruv/ dqg wkdw wkh prghov duh
riwhq fohduo| plvvshfl￿hg/ wkh uhvxowv rewdlqhg duh vxusulvlqjo| dffxudwh dqg frpsduh yhu|
idyrxudeo|/ iru h{dpsoh/ zlwk wkrvh uhsruwhg e| Krurzlw} +4<<5, iru prghov hvwlpdwhg zlwk
wkh vprrwkhg pd{lpxp vfruh hvwlpdwru1 Ri frxuvh/ wkh uhmhfwlrq iuhtxhqflhv duh forvhu wr
wkh qrplqdo vljql￿fdqfh ohyho iru wkh odujhu vdpsoh vl}hv/ exw hyhq iru ? ’D f fwkh uhvxowv
duh uhodwlyho| uhdvrqdeoh1
81 DQ HPSLULFDO LOOXVWUDWLRQ
Wklv vhfwlrq looxvwudwhv wkh dssolfdwlrq ri txdqwloh uhjuhvvlrq iru frxqwv xvlqj wkh gdwd
vhw rq ghpdqg iru khdowk fduh suhylrxvo| vwxglhg e| Srkophlhu dqg Xoulfk +4<<8, dqg e|
Vdqwrv Vloyd dqg Zlqgphlmhu +5334,1 Wkhvh gdwd frqvlvw ri DfbS revhuydwlrqv iru hpsor|hg
lqglylgxdov/ dqg wkh| duh wdnhq iurp wkh 4<;8 zdyh ri wkh Jhupdq Vrflrhfrqrplf Sdqho
+VRHS,1 Lq wklv gdwd vhw wkh ghpdqg iru khdowk fduh vhuylfhv lv phdvxuhg e| wkh qxpehu ri
ylvlwv wr d jhqhudo sudfwlwlrqhu lq wkh odvw txduwhu/ dqg e| wkh qxpehu ri ylvlwv wr d vshfldolvw
+h{fhsw j|qdhfrorj| ru sdhgldwulfv, lq wkh vdph shulrg1 Khuh/ zh irfxv h{foxvlyho| rq wkh
fdvh ri ylvlwv wr vshfldolvwv1 Wkh yduldeohv xvhg lq wkh dqdo|vlv duh ghvfulehg lq Wdeoh D14
54Wdeoh 4= Vlpxodwlrq uhvxowv iru wkh irxu gl￿huhqw prghov
? ’D f f ? ’ ￿fff ? ’ 2fff
Uhmhfw1 Uhmhfw1 Uhmhfw1 Uhmhfw1 Uhmhfw1 Uhmhfw1 Uhmhfw1 Uhmhfw1 Uhmhfw1
k dw 4( dw 8( dw 43( dw 4( dw 8( dw 43( dw 4( dw 8( dw 43(
Prgho 4= Srlvvrq
f￿.D ￿￿.HW S￿.SW ￿2￿￿fW ￿￿H2W S￿2HW ￿￿￿SeW ￿￿￿H D￿fe ￿f￿ff
f￿Df ￿￿.SW S￿DeW ￿￿￿DHW ￿￿DSW D￿beW ￿f￿DH ￿￿2f D￿f2 b￿bf
f￿2D ￿￿bfW S￿DSW ￿￿￿SeW ￿￿SHW D￿Sf ￿f￿S2 ￿￿￿H D￿De ￿f￿2H
Prgho 5= Qhjdwlyh elqrpldo
f￿.D ￿￿￿HW H￿￿2W ￿￿￿DfW 2￿￿2W S￿eHW ￿￿￿eSW ￿￿e2W S￿2SW ￿￿￿fHW
f￿Df 2￿￿eW S￿e2W ￿￿￿2eW ￿￿SSW S￿2SW ￿￿￿￿2W ￿￿f2 D￿DS ￿f￿HSW
f￿2D ￿￿HfW S￿DeW ￿￿￿2HW ￿￿2SW D￿2S ￿f￿￿e ￿￿ff D￿ff b￿DH
Prgho 6= ]hur lq dwhg Srlvvrq
f￿.D ￿￿beW S￿SSW ￿￿￿DfW ￿￿￿HW S￿￿2W ￿￿￿e2W ￿￿f2 e￿HH ￿f￿￿e
f￿Df 2￿f2W S￿￿2W ￿f￿HHW ￿￿￿fW D￿￿e ￿f￿DH ￿￿DeW D￿.2W ￿f￿eH
f￿2D ￿￿fH e￿SH H￿efW f￿bf e￿Se b￿Df f￿bf e￿SH b￿SS
Prgho 7= ]hur lq dwhg qhjdwlyh elqrpldo
f￿.D ￿￿fSW .￿beW ￿￿￿ffW 2￿ffW S￿￿SW ￿￿￿2SW ￿￿￿2 D￿￿e ￿f￿￿f
f￿Df ￿￿.fW S￿.2W ￿￿￿eSW ￿￿2HW D￿.SW ￿f￿eH ￿￿￿2 D￿ff ￿f￿f2
f￿2D ￿￿￿e e￿￿fW H￿fHW f￿He e￿￿eW b￿ffW f￿.H e￿ffW H￿bHW
- Wkh uhvxow lv qrw frpsdwleoh zlwk wkh qrplqdo vl}h dw wkh DI ohyho1
lq wkh dsshqgl{ dqg fruuhvsrqg wr wkrvh ruljlqdoo| xvhg e| Srkophlhu dqg Xoulfk +4<<8,1
Iru pruh ghwdlohg lqirupdwlrq rq wkh vdpsoh dqg rq wkh yduldeohv xvhg/ vhh Srkophlhu dqg
Xoulfk +4<<8,1
Erwk Srkophlhu dqg Xoulfk +4<<8, dqg Vdqwrv Vloyd dqg Zlqgphlmhu +5334, vxjjhvwhg
suredelolvwlf prghov wr ghvfuleh wkh ghpdqg iru khdowk fduh wkdw wdnh lqwr frqvlghudwlrq
wkh idfw wkdw wklv ghpdqg lv ghulyhg e| wzr gl￿huhqw ghflvlrq surfhvvhv= lq d ￿uvw vwdjh
wkh lqglylgxdo ghflghv wr vhhn phglfdo fduh dqg/ lq d vhfrqg vwdjh/ wkh lqglylgxdo dqg wkh
khdowk fduh surylghu ghflgh rq wkh wrwdo qxpehu ri ylvlwv wkdw duh qhhghg wr frpsohwh wkh
55wuhdwphqw1 Srkophlhu dqg Xoulfk +4<<8, dujxhg wkdw wkh sdudphwhuv ri wkh wzr ghflvlrq
surfhvvhv fdq eh vhsdudwho| hvwlpdwhg xvlqj d kxugoh prgho1 Vdqwrv Vloyd dqg Zlqgphlmhu
+5334, vwxglhg wkh frqglwlrqv xqghu zklfk lw lv srvvleoh wr lghqwli| wkh wzr vhwv ri sdud0
phwhuv xvlqj rqo| gdwd rq wkh wrwdo qxpehu ri ylvlwv/ dqg frqfoxghg wkdw wklv fdq rqo| eh
dfklhyhg xqghu uhdvrqdeo| vwurqj k|srwkhvhv1 Lq dq| fdvh/ wkh idfw wkdw wkh wzr wdlov ri
wkh glvwulexwlrq duh jhqhudwhg e| wzr gl￿huhqw surfhvvhv phdqv wkdw lw lv riwhq lpsruwdqw
wr dvvhvv wkh h￿hfw ri wkh fryduldwhv rq gl￿huhqw uhjlrqv ri wkh glvwulexwlrq1 Wklv srlqw
lv fohduo| looxvwudwhg lq Zlqnhopdqq*v +5334, uhfhqw vwxg| ri wkh h￿hfwv ri wkh Jhupdq
Khdowk Fduh uhirup1
Wkh phwkrgv xvhg wr vwxg| krz wkh h￿hfwv ri wkh fryduldwhv ydu| dfurvv gl￿huhqw uhjlrqv
ri wkh glvwulexwlrq duh jhqhudoo| edvhg rq frpsoh{ dqg khdylo| sdudphwul}hg prghov1 Khuh/
txdqwloh uhjuhvvlrq lv xvhg wr vwxg| krz wkh lpsdfw ri wkh fryduldwhv ydulhv dfurvv gl￿huhqw
uhjlrqv ri wkh frqglwlrqdo glvwulexwlrq ri lqwhuhvw1 Ri frxuvh/ lpsrvlqj ohvv vwuxfwxuh rq wkh
gdwd/ wkh uhvxowv rewdlqhg zlwk txdqwloh uhjuhvvlrq duh qhfhvvdulo| pruh lpsuhvvlrqlvwlf/ exw
dovr ohvv vhqvlwlyh wr lqflghqwdo dvvxpswlrqv/ wkdq wkrvh rewdlqhg e| prghov wkdw dwwhpsw
wr ixoo| ghvfuleh wkh suredelolvwlf vwuxfwxuh ri wkh gdwd1
Jlyhq wkdw wkh sxusrvh ri wklv vhfwlrq lv sxuho| wr looxvwudwh wkh dssolfdwlrq ri wkh
sursrvhg phwkrgrorj|/ zh uhvwulfw wkh dqdo|vlv wr wkh ￿uvw wkuhh frqglwlrqdo txduwlohv1 Ri
frxuvh/ lq d pruh ghwdlohg dqdo|vlv ri wkh ghpdqg iru khdowk fduh xvlqj txdqwloh uhjuhvvlrq
lw zrxog eh lqwhuhvwlqj wr hvwlpdwh rwkhu txdqwlohv/ hvshfldoo| rq wkh xsshu wdlo ri wkh
glvwulexwlrq zkhuh wkh h￿hfw ri wkh fryduldwhv fkdqjhv pruh udslgo|1 Iru frpsdulvrq/
uhvxowv iru wkh frqglwlrqdo h{shfwlohv edvhg rq wkh dv|pphwulf pd{lpxp olnholkrrg +DPO,
hvwlpdwru sursrvhg e| Hiurq +4<<5, duh dovr suhvhqwhg1 Jlyhq wkdw wkh DPO uhjuhvvlrq
shufhqwlohv fdqqrw eh frpsxwhg iru ydoxhv ri k vpdoohu wkdw wkh sursruwlrq ri }hurv lq
wkh vdpsoh/ dqg qrwlqj wkdw lq wkh fdvh xqghu vwxg| wkh vdpsoh kdv ￿eDS revhuydwlrqv iru
zklfk wkh lqglylgxdov uhsruw }hur ylvlwv wr d vshfldolvw/ wkh DPO dssurdfk rqo| doorzv wkh
hvwlpdwlrq ri uhjuhvvlrq shufhqwlohv zlwk k:S.￿H1 Wkhuhiruh/ lq wklv h{dpsoh/ wkh rqo|
DPO uhjuhvvlrq shufhqwloh wkdw lv frpsdudeoh zlwk wkh txduwlohv hvwlpdwhg e| wkh txdqwloh













’f ￿.D/ zklfk lv
rewdlqhg zlwk ￿ ’f ￿H.D1
Wdeoh 5 suhvhqwv wkh devroxwh iuhtxhqflhv ri wkh hvwlpdwhg txdqwlohv iru wkh qxpehu ri
ylvlwv wr vshfldolvwv1 Jlyhq wkdw doprvw .f shufhqw ri wkh lqglylgxdov lq wkh vdpsoh kdyh
}hur ylvlwv/ lw lv qrw vxusulvlqj wr ￿qg wkdw wkh hvwlpdwh ri wkh ￿uvw frqglwlrqdo txduwloh ri
wkh glvwulexwlrq ri wkh qxpehu ri ylvlwv lv }hur iru ebDD lqglylgxdov/ zklfk lv pruh wkdq b.
shufhqw ri wkh vdpsoh1 Hyhq wkh kljkhu txduwlohv duh  dw dw }hur iru d odujh sursruwlrq ri
wkh vdpsoh1 Lq idfw/ wkh uhvxowv lq Wdeoh 5 vkrz wkdw wkh suredelolw| ri kdylqj }hur ylvlwv
wr d vshfldolvw gxulqj wkh revhuydwlrq shulrg lv dw ohdvw f￿.D iru derxw rq wklug +￿Sb￿*DfbS,
ri wkh lqglylgxdov lq wkh vdpsoh1
Zh qrz wxuq wr d eulhi dqdo|vlv ri wkh h￿hfwv ri wkh fryduldwhv1 Wdeoh 6 jlyhv wkh
sdudphwhu hvwlpdwhv iru wkh ￿uvw wkuhh txduwlohv/ wrjhwkhu zlwk vwdqgdug huuruv hvwlpdwhg dv
ghvfulehg lq wkh vlpxodwlrq vwxg| ri wkh suhylrxv vhfwlrq/ dv zhoo dv wkh hvwlpdwhv rewdlqhg
zlwk wkh DPO hvwlpdwru zlwk ￿ ’f ￿H.D1 Jlyhq wkh qrq0olqhdulw| ri wkh vshfl￿fdwlrq ri
’~ Ekm%￿ gh￿qhg e| +5,/ wkh ydoxhv ri wkh sdudphwhu hvwlpdwhv jlyh dq lqfrpsohwh slfwxuh
ri wkh h￿hfw ri wkh fryduldwhv rq wkh vkdsh ri wkh glvwulexwlrq1 Wr idflolwdwh wkh frpsdulvrq
ri wkh h￿hfwv ri wkh uhjuhvvruv dfurvv wkh gl￿huhqw prghov/ Wdeoh 7 suhvhqwv hvwlpdwhv ri
wkh vhpl0hodvwlflwlhv ri ’~Ekm%￿ zlwk uhvshfw wr wkh fryduldwhv/ hydoxdwhg dw wkh phdq
ydoxh ri wkh frqwlqxrxv fryduldwhv dqg vhwwlqj wkh gxpp| yduldeohv wr }hur1 Gh￿qlqj 7 %
dv wkh srlqw zkhuh wkh| duh hydoxdwhg/ wkh vhpl0hodvwlflw| ri ’~Ekm%￿ zlwk uhvshfw wr 7 %￿/
wkh ￿0wk hohphqw ri 7 %/ lv frpsxwhg dv wkh dssursuldwh ghulydwlyh ri *? E’~Ekm%￿￿ iru wkh








E￿￿ k%’~Ekm7 %￿￿ iru wkh gxpplhv1 Iru wkh
DPO uhjuhvvlrq wkh vhpl0hodvwlflwlhv duh frpsxwhg lq d vlplodu zd|1
Wdeoh 5= Iuhtxhqflhv ri hvwlpdwhg txdqwlohv iru wkh qxpehu ri ylvlwv wr vshfldolvwv
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Txdqwloh uhjuhvvlrq uhvxowv Hiurq*vD P O
Uhjuhvvruv ￿ ￿ Ef￿2D￿ v￿h￿ ￿ ￿ Ef￿Df￿ v￿h￿ ￿ ￿ Ef￿.D￿ v￿h￿ ￿ q
dpo
f￿H.D v￿h￿
Frqvwdqw ￿2￿￿.2 ￿￿fb2 ￿2￿￿D. f￿HSH ￿￿￿eDf f￿.ef ￿f￿￿.H f￿DfD
Ihpdoh f￿b￿￿ f￿￿.2 ￿￿fbe f￿￿22 ￿￿D￿￿ f￿fb. f￿Sf2 f￿f.D
Vlqjoh ￿f￿￿be f￿2e2 ￿f￿￿fH f￿￿bS ￿f￿￿D￿ f￿￿Db ￿f￿￿e2 f￿￿fD
Djh ￿f￿bfH f￿D￿￿ ￿f￿￿￿b f￿efS ￿f￿2￿￿ f￿￿Df ￿f￿2￿D f￿2￿b
Djh2 f￿b￿S f￿Seb f￿￿fS f￿eb2 f￿￿￿S f￿e￿H f￿2￿2 f￿2HH
Lqfrph f￿2b￿ f￿fSb f￿￿b2 f￿eHe f￿￿Hf f￿fDS f￿fbD f￿fHe
Fkurqlf frpsodlqwv f￿b.b f￿￿SH ￿￿￿2. f￿￿2￿ ￿￿D￿D f￿￿￿f f￿HSH f￿fH.
Sulydwh lqvxudqfh f￿eHf f￿2SH f￿ef￿ f￿￿bS f￿￿be f￿￿D. ￿f￿f￿S f￿￿￿f
Hgxfdwlrq f￿feS f￿f2￿ f￿f￿2 f￿f￿b f￿f￿￿ f￿f￿. f￿ff￿ f￿f￿￿
Khdy| oderxu ￿f￿￿ee f￿2D2 ￿f￿ff2 f￿￿Sf f￿ffS f￿￿2S ￿f￿￿2f f￿fbb
Vwuhvv f￿fe￿ f￿￿.b f￿ff￿ f￿￿￿￿ f￿￿De f￿￿￿D f￿fb￿ f￿fHD
Ydulhw| rq mre f￿￿bH f￿￿.b f￿2￿e f￿￿2￿ f￿￿H. f￿￿f￿ f￿￿.e f￿fHf
Vhoi ghwhuplqhg f￿￿DS f￿￿HD f￿￿bD f￿￿2e f￿￿D￿ f￿￿fe ￿f￿f2￿ f￿fH2
Frqwuro f￿￿￿2 f￿￿bb f￿f￿f f￿￿DD f￿￿He f￿￿￿S f￿￿￿H f￿fb.
Srs0328 ￿￿￿eff f￿S.H ￿f￿.￿. f￿22f ￿f￿HDf f￿￿b. ￿f￿S2. f￿￿￿.
Srs08253 ￿f￿D.H f￿2eb ￿f￿SHb f￿￿.￿ ￿f￿D2￿ f￿￿2H ￿f￿￿fD f￿￿fH
Srs0532433 ￿f￿￿￿b f￿￿bb ￿f￿￿￿S f￿￿￿b ￿f￿2Hf f￿￿￿2 ￿f￿2Sf f￿fHH
Sk|vlfldqv ghqvlw| e￿SDe f￿bbb 2￿￿.2 f￿HDH ￿￿fSS f￿.Hf f￿bDe f￿Sef
Xqhpsor|phqw f￿f￿D f￿fDD f￿f￿D f￿f￿D ￿f￿fDb f￿fee ￿f￿f￿￿ f￿f2H
Krvslwdol}hg ￿f￿ffe f￿2eb f￿￿Sb f￿2￿f f￿2.. f￿￿.D f￿2SD f￿￿￿f
Vlfn ohdyh f￿HbD f￿￿Hb f￿.D. f￿￿DD f￿b2￿ f￿￿￿S f￿.2D f￿￿fD
Glvdelolw| f￿2￿2 f￿2.S f￿D2￿ f￿2ff f￿D.b f￿￿Sb f￿2￿H f￿￿22
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4vw Txduwloh 5qg Txduwloh 6ug Txduwloh DPO+￿’f￿H.D,
Uhjuhvvruv V10hodvw1 v￿h￿ V10hodvw1 v￿h￿ V10hodvw1 v￿h￿ V10hodvw1 v￿h￿
Ihpdoh f￿22. f￿fD. f￿￿2D f￿fD2 f￿.￿e f￿fbf f￿H2S f￿￿f￿
Vlqjoh ￿f￿f2. f￿f￿￿ ￿f￿fe￿ f￿f2e ￿f￿fS2 f￿f2e ￿f￿2Hb f￿fHb
Djh f￿bbH f￿SDb f￿￿e￿ f￿DSe f￿￿H￿ f￿SDf ￿￿S￿. 2￿fS￿
Lqfrph f￿fee f￿f￿D f￿f￿￿ f￿fHf f￿f.b f￿f￿￿ f￿fbD f￿fHe
Fkurqlf frpsodlqwv f￿2D￿ f￿f.D f￿￿e￿ f￿f.f f￿.￿. f￿￿2. ￿￿￿H￿ f￿￿￿e
Sulydwh lqvxudqfh f￿fbe f￿fSD f￿fH￿ f￿fe. f￿feD f￿f￿b ￿f￿f￿S f￿￿2b
Hgxfdwlrq f￿ff. f￿ffe f￿ffD f￿ff￿ f￿ff. f￿ffe f￿ff￿ f￿f￿￿
Khdy| oderxu ￿f￿f2f f￿f￿e ￿f￿fff f￿f2S f￿ff￿ f￿f2S ￿f￿￿￿￿ f￿fb￿
Vwuhvv f￿ff. f￿f2H f￿fff f￿f2￿ f￿f￿D f￿f2b f￿fbD f￿fHb
Ydulhw| rq mre f￿f￿￿ f￿f￿2 f￿f￿b f￿f2e f￿fe￿ f￿f2e f￿￿b￿ f￿fH.
Vhoi ghwhuplqhg f￿f2S f￿f￿2 f￿f￿D f￿f2e f￿f￿e f￿f2D ￿f￿f2￿ f￿fH￿
Frqwuro f￿fSf f￿fef f￿ffD f￿f2S f￿fe2 f￿f￿e f￿￿2D f￿￿f￿
Srs0328 ￿f￿￿￿D f￿f￿S ￿f￿fHD f￿f22 ￿f￿￿￿b f￿f2￿ ￿f￿eSS f￿￿ff
Srs08253 ￿f￿ff. f￿f2. ￿f￿fH￿ f￿f2f ￿f￿fHe f￿f2f ￿f￿2S￿ f￿fb2
Srs0532433 ￿f￿f2f f￿f2H ￿f￿f2￿ f￿f2￿ ￿f￿fD￿ f￿f2￿ ￿f￿22b f￿f.H
Sk|vlfldqv ghqvlw| f￿.fH f￿￿.H f￿￿DD f￿￿￿S f￿222 f￿￿Sf f￿bDe f￿Sef
Xqhpsor|phqw f￿ff2 f￿ffH f￿ff2 f￿ffS ￿f￿f￿2 f￿ffb ￿f￿f￿￿ f￿f2H
Krvslwdol}hg ￿f￿ff￿ f￿f￿H f￿f.￿ f￿fDf f￿fSS f￿feb f￿￿f￿ f￿￿eH
Vlfn ohdyh f￿22f f￿f.￿ f￿￿HD f￿fDS f￿￿￿e f￿f.H ￿￿fSD f￿￿D￿
Glvdelolw| f￿f￿S f￿fD2 f￿￿￿2 f￿fD. f￿￿S￿ f￿fS￿ f￿2ee f￿￿￿S
59Vwduwlqj zlwk wkh txdqwloh uhjuhvvlrq uhvxowv/ lw lv qrwlfhdeoh wkdw/ dowkrxjk vrph fr0
yduldwhv kdyh yhu| vlplodu h￿hfwv rq wkh wkuhh hvwlpdwhg txduwlohv +h1j￿ Hgxfdwlrq dqg
Vlfn ohdyh, wkhuh duh dovr uhjuhvvruv zkrvh h￿hfwv ydu| vxevwdqwldoo| zlwk k1 D ohdglqj
h{dpsoh ri wklv lv wkh yduldeoh Sk|vlfldqv ghqvlw|/ zkrvh h￿hfw lv kdoyhg iurp wkh ￿uvw
wr wkh vhfrqg txduwloh/ ghfuhdvlqj djdlq vxevwdqwldoo| iurp wkh phgldq wr wkh wklug txdu0
wloh1 Frqvlghulqj wkdw f ’t Ef￿2Dm%￿ lv }hur iru prvw ri wkh lqglylgxdov lq wkh vdpsoh/ lw fdq
eh frqfoxghg wkdw wklv yduldeoh lv hvshfldoo| lpsruwdqw wr ghwhuplqh zkhwkhu ru qrw wkh
lqglylgxdo ylvlwv d vshfldolvw/ exw lv pxfk ohvv lpsruwdqw lq h{sodlqlqj wkh ohqjwk ri wkh
wuhdwphqw/ frqglwlrqdo rq kdylqj dw ohdvw rqh ylvlw1 Wklv uhvxow lv lq dffrugdqfh zlwk wkh
￿qglqjv ri Srkophlhu dqg Xoulfk +4<<8, dqg Vdqwrv Vloyd dqg Zlqgphlmhu +5334,1
Lq frqwudglvwlqfwlrq/ wkh h￿hfwv ri Ihpdoh dqg Fkurqlf frpsodlqwv lqfuhdvh zlwk k/
dqg duh vwdwlvwlfdoo| vljql￿fdqw iru wkh wkuhh txduwlohv1 Wklv phdqv wkdw wkh glvwulexwlrq ri
ylvlwv wr vshfldolvwv iru lqglylgxdov iru zklfk wkhvh yduldeohv htxdo rqh lv glvsodfhg xszdugv
dqg pruh vsuhdg0rxw1 Dw ￿uvw vljkw wkhvh uhvxowv duh dw rggv zlwk wkh ￿qglqjv ri Vdqwrv
Vloyd dqg Zlqgphlmhu +5334, zkr frqfoxghg wkdw wkhvh uhjuhvvruv kdg d srvlwlyh h￿hfw rq
wkh ghflvlrq wr frqwdfw wkh vshfldolvw/ exw d qhjdwlyh frh!flhqw +vwdwlvwlfdoo| lqvljql￿fdqw
iru Fkurqlf frpsodlqwv, lq wkh prgho iru wkh qxpehu ri uhihuudov1 Krzhyhu/ jlyhq wkdw
iru prvw lqglylgxdov lq wkh vdpsoh wkh glvwulexwlrq ri wkh qxpehu ri ylvlwv kdv prvw ri lwv
suredelolw| pdvv frqfhqwudwhg dw f dqg ￿/ wkh idfw wkdw wkh frh!flhqwv rq wkhvh yduldeohv
lqfuhdvh zlwk k pd| mxvw lqglfdwh d vkliw lq wkh suredelolw| pdvv iurp f wr ￿/ dqg wklv lv
qrw lqfrpsdwleoh zlwk wkh uhvxowv suhylrxvo| uhsruwhg1
Dqrwkhu frqfoxvlrq ri wkh uhvxowv lq Wdeohv 6 dqg 7/ zklfk lv lq olqh zlwk wkh uhvxowv
ri Srkophlhu dqg Xoulfk +4<<8, dqg Vdqwrv Vloyd dqg Zlqgphlmhu +5334,/ lv wkdw wkh
uhjuhvvruv uhodwhg wr mre fkdudfwhulvwlfv +Khdy| oderxu/ Vwuhvv/ Ydulhw| rq mre/
Vhoi ghwhuplqhg dqg Frqwuro, duh qrw lqglylgxdoo| vljql￿fdqw lq dq| ri wkh txdqwlohv
hvwlpdwhg1
Xvlqj ￿ ’f ￿H.D/ wkh DPO hvwlpdwru ohdgv wr .D shufhqw ri qhjdwlyh uhvlgxdov dqg
wkhuhiruh ￿ q
dpo
f￿H.D lv wkh yhfwru ri sdudphwhuv iru wkh .D0wk DPO uhjuhvvlrq shufhqwloh/ dv
5:gh￿qhg e| Hiurq +4<<5,1 Iru vrph fryduldwhv/ wklv DPO hvwlpdwru ohdgv wr uhvxowv wkdw duh
uhdvrqdeo| forvh wr wkrvh rewdlqhg iru wkh wklug txduwloh1 Wklv lv wkh fdvh ri wkh yduldeohv
Ihpdoh/ Lqfrph dqg Hgxfdwlrq1 Pruhryhu/ dv lq wkh wkuhh txduwlohv/ prvw ri wkh
fryduldwhv uhodwhg wr mre fkdudfwhulvwlfv +Khdy| oderxu/ Vwuhvv/ Vhoi ghwhuplqhg
dqg Frqwuro, duh qrw lqglylgxdoo| vljql￿fdqw/ dqg wkh gxpplhv uhodwhg wr wkh qxpehu
ri lqkdelwdqwv lq wkh sodfh ri uhvlghqfh duh doo lqglylgxdoo| vljql￿fdqw1 Krzhyhu/ wkhuh duh
vrph qrwdeoh gl￿huhqfhv ehwzhhq wkh wzr vhwv ri uhvxowv1 D fohdu h{dpsoh ri wklv lv surylghg
e| wkh vhpl0hodvwlflwlhv fruuhvsrqglqj wr Fkurqlf frpsodlqwv dqg Vlfn ohdyh/ zklfk
duh vwdwlvwlfdoo| vljql￿fdqw erwk lq wkh DPO uhjuhvvlrq dqg lq wkh wklug txduwloh/ exw
duh pxfk odujhu lq wkh DPO uhjuhvvlrq1 Pruhryhu/ wkh yduldeoh Glvdelolw| lv kljko|
vljql￿fdqw lq wkh wklug txduwloh exw vwdwlvwlfdoo| lqvljql￿fdqw lq wklv DPO uhjuhvvlrq1 Rq
wkh rwkhu kdqg/ Krvslwdol}hg lv vwdwlvwlfdoo| vljql￿fdqw lq wkh DPO uhjuhvvlrq/ exw qrw
lq dq| ri wkh txdqwloh uhjuhvvlrqv1 Wkhuhiruh/ xvlqj wkh h{shfwlohv hvwlpdwhg e| wkh DPO
dssurdfk wr dssur{lpdwh wkh uhjuhvvlrq txdqwlohv fdq eh vrphzkdw xqvdwlvidfwru|1
Wr vxp xs/ wklv h{dpsoh pdnhv fohdu wkdw lq frxqw gdwd prghov lw lv lqwhuhvwlqj wr
vwxg| qrw rqo| krz wkh orfdwlrq ri wkh frqglwlrqdo glvwulexwlrq fkdqjhv zlwk wkh uhjuhv0
vruv/ exw dovr wr dqdo|vh krz wkh vkdsh ri wkh glvwulexwlrq lv d￿hfwhg e| wkh fryduldwhv1
Ixoo| sdudphwulf prghov/ olnh wkrvh xvhg e| Srkophlhu dqg Xoulfk +4<<8, dqg Vdqwrv Vloyd
dqg Zlqgphlmhu +5334, wr vwxg| wkhvh gdwd/ dfklhyh wklv e| prghoolqj wkh h￿hfw ri wkh
fryduldwhv rq d ihz nh| dvshfwv ri wkh glvwulexwlrq1 Krzhyhu/ e| orrnlqj dw wkh hvwlpdwlrq
uhvxowv iurp wkdw vruw ri prghov/ lw lv qrw dozd|v reylrxv krz wkh vkdsh ri wkh frqgl0
wlrqdo glvwulexwlrq lv d￿hfwhg e| wkh fryduldwhv1 Wkh txdqwloh uhjuhvvlrq phwkrg xvhg khuh
surylghv d pruh judsklfdo ghvfulswlrq ri wkh h￿hfw ri wkh uhjuhvvruv rq wkh vkdsh ri wkh
frqglwlrqdo glvwulexwlrq ri lqwhuhvw1 Ri frxuvh/ txdqwloh uhjuhvvlrqv duh qrw d vxevwlwxwh iru
fduhixoo| frqvwuxfwhg suredelolvwlf prghov1 Krzhyhu/ wkh| fdq eh d ydoxdeoh wrro zklfk
khosv lq wkh frqvwuxfwlrq dqg xqghuvwdqglqj ri pruh frpsoh{ prghov1
5;91 FRQFOXGLQJ UHPDUNV
Gluhfw hvwlpdwlrq ri txdqwloh uhjuhvvlrqv iru frxqw gdwd lv qrw ihdvleoh gxh wr wkh frpel0
qdwlrq ri wkh glvfuhwhqhvv ri wkh gdwd zlwk wkh qrq0gl￿huhqwldelolw| ri wkh vdpsoh remhfwlyh
ixqfwlrq gh￿qlqj wkh hvwlpdwru1 Zh sursrvh wkh dssolfdwlrq ri txdqwloh uhjuhvvlrq wr mlw0
whuhg frxqw gdwd dv d zd| wr pdnh lqihuhqfh derxw uhohydqw dvshfwv ri wkh frqglwlrqdo
txdqwlohv ri wkh frxqwv1 Wklv lv srvvleoh ehfdxvh wkh txdqwlohv ri wkh udqgrpo| shuwxuehg
gdwd kdyh d rqh0wr0rqh uhodwlrq zlwk wkh txdqwlohv ri wkh ruljlqdo gdwd1 Ghvslwh wkh glvfrq0
wlqxlw| ri wkh frqglwlrqdo ghqvlw| ri wkh mlwwhuhg frxqwv/ wkh uhjuhvvlrq txdqwloh hvwlpdwru
kdv wkh xvxdo qrupdo glvwulexwlrq dqg vwdqgdug lqihuhqfh phwkrgv duh dv|pswrwlfdoo| ydolg1
Wkh vlpxodwlrq uhvxowv suhvhqwhg lq Vhfwlrq 7 duh surplvlqj lq wkdw wkh| vkrz wkdw wkh
dssur{lpdwlrq wr wkh dv|pswrwlf glvwulexwlrq lv uhdvrqdeoh iru prghudwh vdpsoh vl}hv1
Ixuwkhupruh/ xvlqj d zhoo nqrzq gdwd vhw rq ghpdqg iru khdowk fduh/ lw zdv vkrzq wkdw
wkh sursrvhg phwkrgrorj| lv yhu| hdv| wr lpsohphqw dqg ohdgv wr lqwhuhvwlqj uhvxowv1
Qdwxudoo|/ txdqwloh uhjuhvvlrq fdqqrw uhsodfh wkh pruh vwuxfwxuhg dqg zhoo suryhq prghov
iru frxqw gdwd dqdo|vlv1 Krzhyhu/ lw fdq eh d ydoxdeoh dgglwlrqdo wrro wkdw fdq khos wr
xqghuvwdqg krz wkh uhjuhvvruv d￿hfw/ qrw rqo| wkh orfdwlrq ri wkh frqglwlrqdo glvwulexwlrq/
exw dovr wkh vkdsh ri wkh hqwluh glvwulexwlrq1
Wkh uhvxowv suhvhqwhg khuh fdq eh h{whqghg lq d qxpehu ri zd|v1 Iru h{dpsoh/ wkh
ixqfwlrqdo irup ri wkh frqglwlrqdo uhjuhvvlrq txdqwlohv fdq eh jhqhudol}hg e| frqvlghulqj
phpehuv ri wkh lqyhuvh Er{0Fr{ +4<97, idplo|1 Dqrwkhu srvvleoh ghyhorsphqw ri wkh
whfkqltxh suhvhqwhg khuh lv wkh xvh ri vlpxodwlrq phwkrgv wr lqwhjudwh0rxw wkh dgghg
xqlirup qrlvh wr lqfuhdvh wkh h!flhqf| ri wkh hvwlpdwru1 Wkhvh ghyhorsphqwv duh fxuuhqwo|
ehlqj lqyhvwljdwhg1
5<DSSHQGL[
D141 Surri ri Sursrvlwlrq 4
Ohw R￿E%￿c￿’f c￿c￿￿￿ ghqrwh wkh frqglwlrqdo suredelolw| ixqfwlrq ri t jlyhq f ’ %/
wkdw lv
t ’ ￿ zlwk suredelolw| R￿E%￿c￿’f c￿c￿￿￿
dqg R￿E%￿ : f dqg
S"
￿’f R￿E%￿’￿ 1
Vwdqgdug frqyroxwlrq dujxphqwv lpso| wkdw wkh frqglwlrqdo glvwulexwlrq ri ~ ’ t n L
+L ehlqj xqlirup lq dfc￿￿ dqg lqghshqghqw ri f,lv
8~￿fE5m%￿ ￿ ￿E~ ￿ 5m%￿’
" [
￿’f






zkhuh 4￿?E@￿n ’fzkhqhyhu @￿f1
Ohw ￿k ￿ ’t Ekm%￿/ l1h1/ wkh ydoxh lq wkh vxssruw vdwlvi|lqj/
￿k [
￿’f




Ghqrwh dovr e| 5k wkh k0wk frqglwlrqdo txdqwloh ri ~ jlyhq %1 Wkhq/ rplwwlqj wkh ghshq0













zlwk htxdolw| zkhq 5k lv lqwhjhu1 Wkh uhvxow iroorzv iurp wkh gh￿qlwlrq ri ￿k1 T1H1G1
63D151 Surri ri Sursrvlwlrq 5
Wkh uhvxowv iroorz dv lq Sroodug +4<<4,/ rqfh zh vkrz wkdw rqh fdq gr zlwkrxw wkh
frqwlqxlw| ri sA￿%E￿m￿￿ dw %￿￿ Ek￿1 Wkh vwudwhj| ri Sroodug*v surri lv wr ghyhors d txdgudwlf
dssur{lpdwlrq wr wkh vdpsoh remhfwlyh ixqfwlrq gh￿qlqj ￿ ￿ Ek￿ zkrvh plqlpl}lqj ydoxh kdv
d olplwlqj qrupdo glvwulexwlrq dqg lv dv|pswrwlfdoo| htxlydohqw wr ￿ ￿ Ek￿1 Lw wkdw surfhvv/ wkh
￿frqwlqxlw| dvvxpswlrq￿ lv rqo| uhtxluhg wr hqvxuh wkdw wkh ￿olplwlqj￿ remhfwlyh ixqfwlrq
￿E|(%￿ ￿ .E4kE"k ￿ |￿m%￿
zlwk "k ￿ AE~(k￿ ￿ f￿￿ Ek￿ +qrwh wkdw/ ’"kEkm%￿’f ,/ srvvhvvhv d vhfrqg rughu Wd|oru
h{sdqvlrq durxqg | ’f 1
Dvvxpswlrq +D5d, lpsolhv wkdw s"￿%Efm%￿ lv frqwlqxrxv iru doprvw hyhu| % +d1h10%, dqg/
frqvhtxhqwo|/ ￿













h{lvwv d1h10% +f1i￿ Sroodug/ 4<<4/ htxdwlrq +4,,1 T1H1G1
D161 Surri ri Sursrvlwlrq 6
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￿￿ Ek￿￿U i8? E’~￿ Ek￿￿ ￿ ~￿ ￿8 ? E’~￿ Ek￿n￿ ￿ j/
zkhuh ’~￿Ek￿ lv xvhg dv vkruwkdqg iru ’~￿Ekm%￿1























Wkh odz ri odujh qxpehuv wkhq |lhogv
￿ (?
￿ $ (1
Lw uhpdlqv wr suryh wkdw ￿ (? ￿ ￿ (?
￿ $ f1 Iluvw qrwlfh wkdw







































2 ￿￿?￿ ’ JRE￿￿￿
Wklv rughu ri pdjqlwxgh iroorzv iurp d phdq ydoxh h{sdqvlrq ri ￿￿?￿ dqg wkh idfw wkdw
iru dq| ￿ ￿ Ek￿






















￿ E￿ ￿ Ek￿ ￿ ￿ Ek￿￿m ’ JRE￿￿￿




￿ 4 lpsolhv wkdw t￿T￿$￿$? n%￿n ’ JR E
s
?￿1
65Ohw xv qrz wxuq wr wkh vhfrqg whup ri wkh xsshu erxqg ri
￿ ￿

















































Zh zloo vkrz wkdw wkh ￿uvw ri wkhvh whupv lv JRE￿￿1 Wkh vhfrqg lv dqdorjrxv1 Wr vlpsoli|




























Pdunry*v lqhtxdolw|/ dqg wkh idfw wkdw/ frqglwlrqdo rq %/
.dUim~￿ ￿ 8?E’~￿Ek￿￿m￿"jo ￿ 2"c
vkrz wkdw wkh ￿uvw whup jrhv wr f zlwk "1
















￿n%￿n ’ JR E
s
?￿1 Wkhuhiruh/ e| d phdq ydoxh h{sdqvlrq/
t￿T￿$￿$? m ￿ ’~￿Ek￿ ￿ ’~￿Ek￿m ’ JRE￿￿1 Dvvxpswlrq +D9, vwdwhv wkdw wklv frqyhujhqfh pxvw
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￿
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￿
￿ ￿ ￿ B
iru dq| B:f dqg ":f1 Exw/ iurp wkh gh￿qlwlrq ri 8?E￿￿/ iru dq| ? dqg %f/ m% ￿ %fm ￿
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￿ ￿ ￿ B
dv ? sdvvhv wr 41 T1H1G1
66D171 Ghvfulswlrq ri Yduldeohv
Wdeoh D14= Ghvfulswlrq ri Yduldeohv
Ihpdoh ￿ li ihpdoh
Vlqjoh ￿ li vlqjoh
Djh djh lq ghfdghv
Lqfrph qhw prqwko| krxvhkrog lqfrph
Fkurqlf frpsodlqwv ￿ li kdv fkurqlf frpsodlqwv iru dw ohdvw rqh |hdu
Sulydwh lqvxudqfh ￿ li kdg sulydwh phglfdo lqvxudqfh lq wkh suhylrxv |hdu
Hgxfdwlrq qxpehu ri |hduv lq hgxfdwlrq diwhu wkh djh ri vl{whhq
Khdy| oderxu ￿ li kdv d mre lq zklfk sk|vlfdoo| khdy| oderxu lv uhtxluhg
Vwuhvv ￿ li kdv d mre zlwk kljk ohyho ri vwuhvv
Ydulhw| rq mre ￿ li mre r￿huv d orw ri ydulhw|
Vhoi ghwhuplqhg ￿ li kdv d mre zkhuh wkh lqglylgxdo fdq sodq dqg fduu| rxw mre wdvnv
Frqwuro ￿ li kdv d mre zkhuh zrun shuirupdqfh lv vwulfwo| frqwuroohg
Srs0328 ￿ li sodfh ri uhvlghqfh kdv ohvv wkdq Dfff lqkdelwdqwv
Srs08253 ￿ li sodfh ri uhvlghqfh kdv ehwzhhq Dfff dqg 2f￿fff lqkdelwdqwv
Srs0532433 ￿ li sodfh ri uhvlghqfh kdv ehwzhhq 2f￿fff dqg ￿ff￿fff uhvlghqwv
Sk|vlfldqv ghqvlw| qxpehu ri sk|vlfldqv shu ￿ff￿fff lqkdelwdqwv lq wkh sodfh ri uhvlghqfh
Xqhpsor|phqw qxpehu ri prqwkv ri xqhpsor|phqw lq wkh suhylrxv |hdu
Krvslwdol}hg ￿ li zdv pruh wkdq vhyhq gd|v krvslwdol}hg lq wkh suhylrxv |hdu
Vlfn ohdyh ￿ li plvvhg pruh wkdq 47 zrun gd|v gxh wr looqhvv lq wkh suhylrxv |hdu
Glvdelolw| ￿ li wkh ghjuhh ri glvdelolw| lv juhdwhu wkdq 2fI
67UHIHUHQFHV
Dqvfrpeh/ I1M1 +4<7;,1 ￿Ydolglw| ri Frpsdudwlyh H{shulphqwv￿ +zlwk glvfxvvlrq,/ Mrxu0
qdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| D/ 43</ 4;405441
Er{/ J1H1S1 dqg Fr{/ G1U1 +4<97,1 ￿Dq Dqdo|vlv ri Wudqvirupdwlrqv￿1 Mrxuqdo ri wkh
Ur|do Vwdwlvwlfdo Vrflhw| E/ 59/ 54405761
Fdphurq/ D1 F1 dqg Wulyhgl/ S1 N1 +4<<;,1 Uhjuhvvlrq Dqdo|vlv ri Frxqw Gdwd/ Fdpeulgjh
Xqlyhuvlw| Suhvv/ Fdpeulgjh1
Fkdpehuodlq/ J1 +4<<7,1 ￿Txdqwloh Uhjuhvvlrq/ Fhqvrulqj dqg wkh Vwuxfwxuh ri Zdjhv￿/
lq Vlpv/ F1D1 +hg1, Dgydqfhv lq Hfrqrphwulfv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdp0
eulgjh1
Hiurq/ E1 +4<<5,1 ￿Srlvvrq Ryhuglvshuvlrq Hvwlpdwhv Edvhg rq wkh Phwkrg ri Dv|pphwulf
Pd{lpxp Olnholkrrg￿/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;:/ <;043:1
Ilw}hqehujhu/ E1> Nrhqnhu/ U1 dqg Pdfkdgr/ M1D1I1 +hgv1, +5334,1 Vshfldo Lvvxh rq
Hfrqrplf Dssolfdwlrqv ri Txdqwloh Uhjuhvvlrq/ Hpslulfdo Hfrqrplfv/ 59/ 406571
Iruwlq/ Q1 dqg Ohplhx{ +5333,1 ￿Udqn Uhjuhvvlrqv/ Zdjh Glvwulexwlrqv/ dqg wkh Jhqghu
Jds￿/ Wkh Mrxuqdo ri Kxpdq Uhvrxufhv/ 66/ 94309761
Jrxulhurx{/ F1> Prqiruw/ D1 dqg Wurjqrq/ D1 +4<;7,1 ￿Svhxgr Pd{lpxp Olnholkrrg
Phwkrgv= Dssolfdwlrqv wr Srlvvrq Prghov￿/ Hfrqrphwulfd/ 85/ :340:531
Kdoo/ E1 K1 dqg Fxpplqv/ F1 +4<<<,1 Wlph Vhulhv Surfhvvru Yhuvlrq 718 Xvhu*v Jxlgh/
WVS Lqwhuqdwlrqdo/ Sdor0Dowr +FD,1
Kdxvpdq/ M1> Kdoo/ E1K1 dqg Julolfkhv/ ]1 +4<;7,1 ￿Hfrqrphwulf Prghov iru Frxqw Gdwd
Zlwk dq Dssolfdwlrq wr wkh Sdwhqwv0U)G Uhodwlrqvkls￿/ Hfrqrphwulfd/ 85/ <3<0<6;1
Krurzlw}/ M1O1 +4<<5,1 ￿D Vprrwk Pd{lpxp Vfruh Hvwlpdwru iru wkh Elqdu| Uhvsrqvh
Prgho￿/ Hfrqrphwulfd/ 93/ 83808641
Krurzlw}/ M1O1 +4<<;,1 Vhplsdudphwulf Phwkrgv lq Hfrqrphwulfv 1 Vsulqjhu0Yhuodj/ Qhz
\run +Q\,1
Kxehu/ S1M1 +4<;4,1 Urexvw Vwdwlvwlfv/ Mrkq Zloh| ) Vrqv/ Qhz \run +Q\,1
68Mrkq/ V1 +4<;5,1 ￿Wkh wkuhh0sdudphwhu wzr slhfh qrupdo idplo| ri glvwulexwlrqv dqg lwv
￿wwlqj￿/ Frppxqlfdwlrqv lq Vwdwlvwlfv0Wkhru| Phwkrgv/ 44/ ;:<0;;81
Nlp/ W10K1 dqg Zklwh/ K1 +5335,1 ￿Hvwlpdwlrq/ Lqihuhqfh dqg Vshfl￿fdwlrq Whvwlqj dqg
Srvvleo| Plvvshfl￿hg Txdqwloh Uhjuhvvlrq￿/ Dgydqfhv lq Hfrqrphwulfv +iruwkfrp0
lqj,1
Nqljkw/ N1 +4<<;,1 ￿Dv|pswrwlfv iru wkh u￿ uhjuhvvlrq hvwlpdwruv xqghu jhqhudo frqgl0
wlrqv￿/Wkh Dqqdov ri Vwdwlvwlfv/ 59/ :880::31
Nrhqnhu/ U1 +4<<5,1 ￿Zkhq Duh H{shfwlohv ShufhqwlohvB￿/ Sureohp <51615/ Hfrqrphwulf
Wkhru|/; /7 5 6 1
Nrhqnhu/ U1 +4<<6,1 ￿Zkhq Duh H{shfwlohv ShufhqwlohvB￿/ Vroxwlrq <51615/ Hfrqrphwulf
Wkhru|/< /8 5 9 1
Nrhqnhu/ U1 dqg Edvvhww Mu1/ J1V1 +4<:;,1 ￿Uhjuhvvlrq Txdqwlohv￿/ Hfrqrphwulfd/7 9 /
660831
Nrhqnhu/ U1 dqg Eloldv/ \1 +5334,1 ￿Txdqwloh Uhjuhvvlrq iru Gxudwlrq Gdwd= D Uhds0
sudlvdo ri wkh Shqqv|oydqld Uhhpsor|phqw Erqxv H{shulphqwv￿/ Hpslulfdo Hfr0
qrplfv/ 59/ 4<<05531
Nrhqnhu/ U1 dqg Jholqj/ R1 +5334,1 ￿Uhdssudlvlqj Phg | Orqjhylw|= D Txdqwloh Uhjuhv0
vlrq Vxuylydo Dqdo|vlv￿/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <9/ 78;079;1
Nrhqnhu/ U1 dqg Pdfkdgr/ M1 +4<<<,1 ￿Jrrgqhvv ri Ilw dqg Uhodwhg Lqihuhqfh Surfhvvhv
iru Txdqwloh Uhjuhvvlrq￿/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <7/ 45<90
46431
Ohh/ P10m1 +4<<5,1 ￿Phgldq Uhjuhvvlrq iru Rughuhg Glvfuhwh Uhvsrqvh￿/ Mrxuqdo ri
Hfrqrphwulfv/ 84/ 8<0::1
Pdfkdgr/ M1D1I1 dqg Sruwxjdo/ S1 +5335,1 Txdqwloh Uhjuhvvlrq Dqdo|vlv ri Wudqvlwlrq
Gdwd1 Edqfr gh Sruwxjdo/ plphr1
Pdqvnl/ F1I1 +4<:8,1 ￿Pd{lpxp Vfruh Hvwlpdwlrq ri wkh Vwrfkdvwlf Xwlolw| Prgho ri
Fkrlfh￿/ Mrxuqdo ri Hfrqrphwulfv/ 6/ 538055;1
69Pdqvnl/ F1I1 +4<;8,1 ￿Vhplsdudphwulf Dqdo|vlv ri Glvfuhwh Uhvsrqvh= Dv|pswrwlf Surs0
huwlhv ri wkh Pd{lpxp Vfruh Hvwlpdwru￿/ Mrxuqdo ri Hfrqrphwulfv/ 5:/ 64606661
Phohqehuj/ E1 dqg ydq Vrhvw/ D1 +4<<7,1 Sdudphwulf dqg Vhplsdudphwulf Hvwlpdwlrq
ri Rughuhg Uhvsrqvh Prghov zlwk dq Dssolfdwlrq wr Vdwlvidfwlrq zlwk Olih/ Wloexuj
Xqlyhuvlw|/ plphr1
Phohqehuj/ E1 dqg ydq Vrhvw/ D1 +4<<9,1 ￿Phdvxulqj wkh Frvwv ri Fkloguhq= Sdudphwulf
dqg Vhplsdudphwulf Hvwlpdwruv￿/ Vwdwlvwlfd Qhhuodqglfd/ 83/ 4:404<51
Pxoodk|/ M1 +4<;9,1 ￿Vshfl￿fdwlrq dqg Whvwlqj lq Vrph Prgl￿hg Frxqw Gdwd Prghov￿/
Mrxuqdo ri Hfrqrphwulfv/ 66/ 67406981
Qhzh|/ Z1 dqg PfIdgghq/ G1 +4<<7,1 ￿Odujh Vdpsoh Hvwlpdwlrq dqg K|srwkhvlv Whvw0
lqj￿1 Fkdswhu 69 lq Hqjoh/ U1 dqg PfIdgghq/ G1 +hgv1,/ Kdqgerrn ri Hfrqrphwulfv/
Yro1 LY/ Qruwk0Kroodqg/ Qhz \run1
Qhzh|/ Z1N1 dqg Srzhoo/ M1O1 +4<;:,1 ￿Dv|pphwulf Ohdvw Vtxduhv Hvwlpdwlrq dqg Whvw0
lqj￿/ Hfrqrphwulfd/ 88/ ;4<0;7:1
Shduvrq/ H1V1 +4<83,1 ￿Rq Txhvwlrqv Udlvhg e| wkh Frpelqdwlrq ri Whvwv Edvhg rq
Glvfrqwlqxrxv Glvwulexwlrqv￿/ Elrphwulnd/ 6:/ 6;606<;1
Srkophlhu/ Z1 dqg Xoulfk/ Y1 +4<<8,1 ￿Dq Hfrqrphwulf Prgho ri wkh Wzr0Sduw Ghflvlrq
Surfhvv lq wkh Ghpdqg iru Khdowk￿/ Mrxuqdo ri Kxpdq Uhvrxufhv/ 63/ 66<06941
Sroodug/ G1 +4<;7,1 Frqyhujhqfh ri Vwrfkdvwlf Surfhvv/ Vsulqjhu0Yhuodj/ Qhz \run +Q\,1
Sroodug/ G1 +4<<4,1 ￿Dv|pswrwlfv iru Ohdvw Devroxwh Ghyldwlrq Uhjuhvvlrq Hvwlpdwruv￿/
Hfrqrphwulf Wkhru|/ :/ 4;904<<1
Srzhoo/ M1O1 +4<;7,1 ￿Ohdvw Devroxwh Ghyldwlrq Hvwlpdwlrq iru wkh Fhqvruhg Uhjuhvvlrq
Prgho￿/ Mrxuqdo ri Hfrqrphwulfv/ 58/ 63606581
Srzhoo/ M1O1 +4<;9,1 ￿Fhqvruhg Uhjuhvvlrq Txdqwlohv￿/ Mrxuqdo ri Hfrqrphwulfv/ 65/ 4760
4881
Vlpsvrq/ G1J1> Fduuroo U1M1 dqg Uxsshuw/ G1 +4<;:,1 ￿P0Hvwlpdwlrq iru Glvfuhwh Gdwd=
Dv|pswrwlf Glvwulexwlrq Wkhru| dqg Lpsolfdwlrqv￿/ Wkh Dqqdov ri Vwdwlvwlfv/4 8 /
98:099<1
6:Vdqwrv Vloyd/ M1P1F1 dqg Zlqgphlmhu/ I1 +5334,1 ￿Wzr0Sduw Pxowlsoh Vshoo Prghov iru
Khdowk Fduh Ghpdqg￿/ Mrxuqdo ri Hfrqrphwulfv/4 3 7 /9 : 0 ; < 1
Vwhyhqv/ Z1O1 +4<83,1 ￿Ilgxfldo Olplwv ri wkh Sdudphwhu ri d Glvfrqwlqxrxv Glvwulex0
wlrq￿/ Elrphwulnd/ 6:/ 44:045<1
Zklwh/ K1 +4<;3,1 ￿Xvlqj Ohdvw Vtxduhv wr Dssur{lpdwh Xqnqrzq Uhjuhvvlrq Ixqf0
wlrqv￿1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 54/ 47<04:31
Zlqnhopdqq/ U1 +5333,1 Hfrqrphwulf Dqdo|vlv ri Frxqw Gdwd/ 6ug hg1/ Vsulqjhu0Yhuodj/
Ehuolq1
Zlqnhopdqq/ U1 +5334,1 Khdowk Fduh Uhirup dqg wkh Qxpehu ri Grfwru Ylvlwv 0 Dq
Hfrqrphwulf Dqdo|vlv/ L]D Glvfxvvlrq Sdshu Qr1 64:1
6;